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Real Numbers 

This module is from Fundamentals of Mathematics by Denny Burzynski and Wade 
Ellis, Jr. This module discusses signed numbers. By the end of the module students be 
able to distinguish between positive and negative real numbers, be able to read signed 
numbers and understand the origin and use of the double-negative product property. 


Section Overview 


e Positive and Negative Numbers 
e Reading Signed Numbers 

¢ Opposites 

¢ The Double-Negative Property 


Positive and Negative Numbers 


Positive and Negative Numbers 

Each real number other than zero has a sign associated with it. A real number is said 
to be a positive number if it is to the right of 0 on the number line and negative if it 
is to the left of 0 on the number line. 


Note: 

THE NOTATION OF SIGNED NUMBERS 

+ and — Notation 

A number is denoted as positive if it is directly preceded by a plus sign or no sign at 
all. 

A number is denoted as negative if it is directly preceded by a minus sign. 


Reading Signed Numbers 

The plus and minus signs now have two meanings: 

The plus sign can denote the operation of addition or a positive number. 

The minus sign can denote the operation of subtraction or a negative number. 

To avoid any confusion between "sign" and "operation," it is preferable to read the 


sign of a number as "positive" or "negative." When "+" is used as an operation sign, it 
is read as "plus." When "—" is used as an operation sign, it is read as "minus." 


Sample Set A 


Read each expression so as to avoid confusion between "operation" and "sign." 


Example: 
—8 should be read as "negative eight" rather than "minus eight." 


Example: 
—6 + (—3)should be read as "negative six plus negative three" rather than "minus 
six plus minus three." 


Example: 
—15 — (—6)should be read as "negative fifteen minus negative six" rather than 
"minus fifteen minus minus six." 


Example: 
—5-+ 7 should be read as "negative five plus seven" rather than "minus five plus 
seven." 


Example: 
0 — 2 should be read as "zero minus two." 


Practice Set A 


Write each expression in words. 


Exercise: 


Problem: 6 + 1 
Solution: 


six plus one 


Exercise: 


Problem: 2 + (—8) 


Solution: 


two plus negative eight 


Exercise: 


Problem: —7 + 5 
Solution: 


negative seven plus five 


Exercise: 


Problem: —10 — (+3) 


Solution: 


negative ten minus three 


Exercise: 


Problem: —1 — (—8) 


Solution: 


negative one minus negative eight 


Exercise: 


Problem: 0 + (—11) 


Solution: 


zero plus negative eleven 


Opposites 


Opposites 

On the number line, each real number, other than zero, has an image on the opposite 
side of 0. For this reason, we say that each real number has an opposite. Opposites 
are the same distance from zero but have opposite signs. 


The opposite of a real number is denoted by placing a negative sign directly in front 
of the number. Thus, if @ is any real number, then —a is its opposite. 


Note:The letter "a" is a variable. Thus, "a" need not be positive, and "—a" need not 
be negative. 


If a is any real number, —a is opposite a on the number line. 


a positive a negative 
——+—+—,  +—-+—1+—-t+ 
-a 0 a a O -a 


The Double-Negative Property 


The number a is opposite —a on the number line. Therefore, —(—a) is opposite —a 
on the number line. This means that 


—(—a)=a 


From this property of opposites, we can suggest the double-negative property for real 
numbers. 


Double-Negative Property: —(—a) =a 
If a is a real number, then 
—(-a)=a 


Sample Set B 


Find the opposite of each number. 


Example: 
If a = 2, then —a = —2. Also, —(—a) = —(—2) = 2. 


-2 0 2 
—a a 
—(-a) 
Example: 


If a = —4, then —a = —(—4) = 4. Also, —(—a) =a = 


——_—_+— 
-4 0 4 
a —a 


Practice Set B 


Find the opposite of each number. 
Exercise: 


Problem: 8 


Solution: 


-8 


Exercise: 


Problem: 17 


Solution: 


-17 


Exercise: 


Problem: 


Solution: 


6 


Exercise: 


Problem: 


Solution: 


15 


Exercise: 


Problem: 


Solution: 


-1 


Exercise: 


Problem: 


Solution: 


7 


Exercise: 


Problem: 


Solution: 


-15 


Suppose a is a positive number. Is —a positive or negative? 


—a is negative 


Exercise: 


Problem: Suppose a is a negative number. Is —a positive or negative? 


Solution: 


—a is positive 
Exercise: 


Problem: 


Suppose we do not know the sign of the number k. Is —k positive, negative, or 
do we not know? 


Solution: 


We must say that we do not know. 


Exercises 


Exercise: 


Problem: A number is denoted as positive if it is directly preceded by . 
Solution: 
+ (or no sign) 

Exercise: 


Problem: A number is denoted as negative if it is directly preceded by . 


How should the number in the following 6 problems be read? (Write in words.) 
Exercise: 


Problem: —7 


Solution: 


negative seven 


Exercise: 


Problem: —5 


Exercise: 


Problem: 15 


Solution: 


fifteen 


Exercise: 


Problem: 11 


Exercise: 


Problem: —(—1) 


Solution: 


negative negative one, or opposite negative one 


Exercise: 
Problem: — (—5) 


For the following 6 problems, write each expression in words. 
Exercise: 


Problem: 5 + 3 


Solution: 


five plus three 


Exercise: 


Problem: 3 + 8 


Exercise: 


Problem: 15 + (—3) 


Solution: 


fifteen plus negative three 


Exercise: 


Problem: 1 + (—9) 


Exercise: 


Problem: —7 — (—2) 
Solution: 


negative seven minus negative two 


Exercise: 
Problem: 0 — (—12) 


For the following 6 problems, rewrite each number in simpler form. 
Exercise: 


Problem: —(—2) 


Solution: 
2 


Exercise: 


Problem: —(—16) 
Exercise: 
Problem: —|—(—8)| 


Solution: 


-8 


Exercise: 


Problem: — |—(—20)| 


Exercise: 


Problem: 7 — (—3) 
Solution: 


7+3=10 


Exercise: 


Problem: 6 — (—4) 


Exercises for Review 


Exercise: 
Problem: ({link]) Find the quotient; 8+27. 


Solution: 


0.296 


Exercise: 


Problem: (({link]) Solve the proportion: ~ => 


Exercise: 


60 


Problem: (({link]) Use the method of rounding to estimate the sum: 5829 + 8767 


Solution: 


6,000 + 9,000 = 15,000 (5,829 + 8,767 = 14,596) or 5,800 + 8,800 = 14,600 


Exercise: 


Problem: ((link]) Use a unit fraction to convert 4 yd to feet. 


Exercise: 


Problem: ((link]) Convert 25 cm to hm. 


Solution: 


0.0025 hm 


Real Number Line 

This module is from Elementary Algebra by Denny Burzynski and Wade 
Ellis, Jr. The symbols, notations, and properties of numbers that form the 
basis of algebra, as well as exponents and the rules of exponents, are 
introduced in this chapter. Each property of real numbers and the rules of 
exponents are expressed both symbolically and literally. Literal 
explanations are included because symbolic explanations alone may be 
difficult for a student to interpret. Objectives of this module: be familiar 
with the real number line and the real numbers, understand the ordering of 
the real numbers. 


Overview 


e The Real Number Line 
e The Real Numbers 
e Ordering the Real Numbers 


The Real Number Line 


Real Number Line 

In our study of algebra, we will use several collections of numbers. The 
real number line allows us to visually display the numbers in which we 
are interested. 


A line is composed of infinitely many points. To each point we can 
associate a unique number, and with each number we can associate a 
particular point. 


Coordinate 
The number associated with a point on the number line is called the 
coordinate of the point. 


Graph 
The point on a line that is associated with a particular number is called the 


graph of that number. 


We construct the real number line as follows: 


Construction of the Real Number Line 


1. Draw a horizontal line. 


eee eee 


2. Choose any point on the line and label it 0. This point is called the 
origin. 


——_—_——— lee 
0 
3. Choose a convenient length. This length is called "1 unit." Starting at 
0, mark this length off in both directions, being careful to have the 
lengths look like they are about the same. 


<—+—+—_+—__+—_+—_ +_+_+_++_ + ++ > 
i) 


We now define a real number. 


Real Number 
A real number is any number that is the coordinate of a point on the real 
number line. 


Positive and Negative Real Numbers 

The collection of these infinitely many numbers is called the collection of 
real numbers. The real numbers whose graphs are to the right of 0 are 
called the positive real numbers. The real numbers whose graphs appear to 
the left of 0 are called the negative real numbers. 


a Se a 


Negative Positive 
numbers numbers 


The number 0 is neither positive nor negative. 


The Real Numbers 


The collection of real numbers has many subcollections. The subcollections 
that are of most interest to us are listed below along with their notations and 
graphs. 


Natural Numbers 
The natural numbers (JV): {1, 2,3, ...} 


Whole Numbers 
The whole numbers (W): {0, 1, 2,3, ...} 


Notice that every natural number is a whole number. 


Integers 
The integers (Z): {..., —3,—2,—1,0,1, 2, 3, ...} 


+++ __¢_4_¢_¢_¢ 44 #-+ 
-§ -4 -8 -2 -1 0 1 2 83 4 6&... 


Notice that every whole number is an integer. 


Rational Numbers 
The rational numbers (Q): Rational numbers are real numbers that can be 
written in the form a/b, where a and 6 are integers, and b ¥ 0. 


Fractions 
Rational numbers are commonly called fractions. 


Division by 1 


Since 6 can equal 1, every integer is a rational number: + = a. 


Division by 0 
Recall that 10/2 = 5 since 2 - 5 = 10. However, if 10/0 = z, then 
0-xz = 10. But 0-z = 0, not 10. This suggests that no quotient exists. 


Now consider 0/0 = x. If 0/0 = 2, then 0 - x = 0. But this means that x 
could be any number, that is, 0/0 = 4 since 0 - 4 = 0, or 0/0 = 28 since 
0 - 28 = 0. This suggests that the quotient is indeterminant. 


x /0 Is Undefined or Indeterminant 
Division by 0 is undefined or indeterminant. 


Do not divide by 0. 


Rational numbers have decimal representations that either terminate or do 
not terminate but contain a repeating block of digits. Some examples are: 


3 15 
= 0.75 ir = 1.36363636... 


Terminating Nonterminating, but repeating 


Some rational numbers are graphed below. 
0 2 2} 


Irrational Numbers 

The irrational numbers (Jr): Irrational numbers are numbers that cannot 
be written as the quotient of two integers. They are numbers whose decimal 
representations are nonterminating and nonrepeating. Some examples are 


4.01001000100001... m7 =3.1415927... 


Notice that the collections of rational numbers and irrational numbers have 
no numbers in common. 


When graphed on the number line, the rational and irrational numbers 
account for every point on the number line. Thus each point on the number 


line has a coordinate that is either a rational or an irrational number. 


In summary, we have 


Sample Set A 


The summaray chart illustrates that 


Real numbers 
Rational numbers Irrational morabors 
Integers 
| Whole numbers | 
Natural | 
numbers 
Example: 


Every natural number is a real number. 


Example: 
Every whole number is a real number. 


Example: 
No integer is an irrational number. 


Practice Set A 


Exercise: 


Problem 


: Is every natural number a whole number? 


Solution: 


yes 


Exercise: 


Problem 


: Is every whole number an integer? 


Solution: 


yes 


Exercise: 


Problem 


: Is every integer a rational number? 


Solution: 


yes 


Exercise: 


Problem 


: Is every rational number a real number? 


Solution: 


yes 
Exercise: 


Problem 


: Is every integer a natural number? 


Solution: 


no 


Exercise: 


Problem: Is there an integer that is a natural number? 
Solution: 


yes 


Ordering the Real Numbers 
Ordering the Real Numbers 


A real number 0 is said to be greater than a real number a, denoted b > a, if 
the graph of 6 is to the right of the graph of a on the number line. 


Sample Set B 


As we would expect, 5 > 2 since 5 is to the right of 2 on the number line. 
Also, —2 > —5 since —2 is to the right of —5 on the number line. 


-2>-5 5>2 
-5§ -4 -3 -2 -1 0 1 2 83 4 § 


Practice Set B 


Exercise: 


Problem: Are all positive numbers greater than 0? 
Solution: 


yes 


Exercise: 


Problem: Are all positive numbers greater than all negative numbers? 
Solution: 


yes 
Exercise: 


Problem: Is 0 greater than all negative numbers? 
Solution: 


yes 
Exercise: 


Problem: 


Is there a largest positive number? Is there a smallest negative 
number? 


Solution: 


no, no 
Exercise: 


Problem: 


How many real numbers are there? How many real numbers are there 
between 0 and 1? 


Solution: 


infinitely many, infinitely many 


Sample Set C 


Example: 
What integers can replace x so that the following statement is true? 


—-4<2<2 


This statement indicates that the number represented by z is between —4 
and 2. Specifically, —4 is less than or equal to x, and at the same time, x is 
strictly less than 2. This statement is an example of a compound inequality. 


-§ -4 -3 -2 -1 0 1 2 3 4 §& 


The integers are —4, — 3, —2, —1, 0, 1. 


Example: 
Draw a number line that extends from —3 to 7. Place points at all whole 
numbers between and including —2 and 6. 


Example: 
Draw a number line that extends from —4 to 6 and place points at all real 
numbers greater than or equal to 3 but strictly less than 5. 


Saat SES SS SS Ga Se Se See comes ane, ae al 
-3 -2 -1 012 3 4 5 6 7 


These are not whole numbers 


It is customary to use a closed circle to indicate that a point is included in 
the graph and an open circle to indicate that a point is not included. 


-4 -3 -2 -1 0 412 3 4 5 6 


Closed Open 


circle circle 


Practice Set C 


Exercise: 


Problem: 


What whole numbers can replace z so that the following statement is 
true? 


—3<2<3 
Solution: 


i ge 
Exercise: 


Problem: 


Draw a number line that extends from —5 to 3 and place points at all 
numbers greater than or equal to —4 but strictly less than 2. 


Solution: 


-§ -4 -3 -2 -1 041 2 8 


Exercises 


For the following problems, next to each real number, note all collections to 
which it belongs by writing NV for natural numbers, W for whole numbers, 
Z for integers, Q for rational numbers, Jr for irrational numbers, and R for 
real numbers. Some numbers may require more than one letter. 

Exercise: 


role 


Problem: 


Solution: 


Q, Rk 


Exercise: 


Problem: —12 


Exercise: 


Problem: 0 


Solution: 


W, 2,Q,R 


Exercise: 


Problem: — 24 £ 


Exercise: 


Problem: 86.3333... 


Solution: 


Q, Rk 


Exercise: 


Problem: 49.125125125... 


Exercise: 


Problem: — 15.07 


Solution: 
Gt 


For the following problems, draw a number line that extends from —3 to 3. 
Locate each real number on the number line by placing a point (closed 
circle) at its approximate location. 

Exercise: 


Problem: 1 5 
Exercise: 
Problem: —2 


Solution: 


-3 -2 -1 0 1 2 
Exercise: 


Problem: — 7 


Exercise: 


Problem: Is 0 a positive number, negative number, neither, or both? 
Solution: 


neither 


Exercise: 


Problem: 


An integer is an even integer if it can be divided by 2 without a 
remainder; otherwise the number is odd. Draw a number line that 
extends from —5 to 5 and place points at all negative even integers and 
at all positive odd integers. 


Exercise: 


Problem: 


Draw a number line that extends from —5 to 5. Place points at all 
integers strictly greater than —3 but strictly less than 4. 


Solution: 
tt tH tt 
-§ -4 -3 -2 -1 0 1 2 3 4 5 


For the following problems, draw a number line that extends from —5 to 5. 
Place points at all real numbers between and including each pair of 
numbers. 

Exercise: 


Problem: —5 and —2 


Exercise: 


Problem: —3 and 4 


Solution: 


-§ -4 -3 -2 -1 013232 8 4 & 


Exercise: 


Problem: —4 and 0 

Exercise: 
Problem: 
Draw a number line that extends from —5 to 5. Is it possible to locate 
any numbers that are strictly greater than 3 but also strictly less than 
—2? 


Solution: 


et 
-5 -4 -3 -2 -1 0 12 8 4 5 


; no 
For the pairs of real numbers shown in the following problems, write the 


appropriate relation symbol (<, >, =) in place of the x. 
Exercise: 


Problem: —5 « —1 


Exercise: 


Problem: —3 * 0 
Solution: 


a 


Exercise: 


Problem: —4 x 7 


Exercise: 


Problem: 6 « —1 
Solution: 


> 


Exercise: 


Problem: — 

Exercise: 
Problem: Is there a largest real number? If so, what is it? 
Solution: 


no 


Exercise: 


Problem: Is there a largest integer? If so, what is it? 


Exercise: 


Problem: Is there a largest two-digit integer? If so, what is it? 


Solution: 


oo 


Exercise: 


Problem: Is there a smallest integer? If so, what is it? 


Exercise: 


Problem: Is there a smallest whole number? If so, what is it? 


Solution: 


yes, 0 


For the following problems, what numbers can replace z so that the 
following statements are true? 
Exercise: 


Problem: —1 <2<5 wxaninteger 


Exercise: 


Problem: —7 < x < —1, xaninteger 


Solution: 
—6, —5, —4, —3, -2 


Exercise: 


Problem: —3 < x <2, xanatural number 


Exercise: 


Problem: —15 < x < —1, xanaturalnumber 


Solution: 
There are no natural numbers between —15 and —1. 


Exercise: 


Problem: —5 < x <5, xawhole number 


Exercise: 


Problem: 


The temperature in the desert today was ninety-five degrees. Represent 
this temperature by a rational number. 


Solution: 


(+) 
Exercise: 


Problem: 


The temperature today in Colorado Springs was eight degrees below 
zero. Represent this temperature with a real number. 


Exercise: 
Problem: Is every integer a rational number? 
Solution: 
Yes, every integer is a rational number. 


Exercise: 


Problem: Is every rational number an integer? 
Exercise: 


Problem: 


Can two rational numbers be added together to yield an integer? If so, 
give an example. 


Solution: 


Yes. > + + = lorl+1=2 


For the following problems, on the number line, how many units (intervals) 
are there between? 
Exercise: 


Problem: 0 and 2? 


Exercise: 


Problem: —5 and 0? 


Solution: 
5 units 


Exercise: 


Problem: 0 and 6? 


Exercise: 


Problem: —8 and 0? 
Solution: 


8 units 


Exercise: 


Problem: —3 and 4? 


Exercise: 


Problem: m and n,m > n? 


Solution: 


m— nunits 


Exercise: 


Problem: —a and —b, —b > —a? 


Exercises for Review 


Exercise: 


Problem: ([link]) Find the value of 6 + 3(15 — 8) — 4. 


Solution: 


23 


Exercise: 


Problem: ({link]) Find the value of 5(8 — 6) + 3(5 + 2-3). 
Exercise: 


Problem: 


({link]) Are the statements y < 4 and y > 4 the same or different? 


Solution: 


different 
Exercise: 
Problem: 
({link]) Use algebraic notation to write the statement "six times a 
number is less than or equal to eleven." 
Exercise: 


Problem: 


({link]) Is the statement 8(15 — 3-4) — 3-7 > 3 true or false? 


Solution: 


true 


Absolute Value 

This module is from Fundamentals of Mathematics by Denny Burzynski 
and Wade Ellis, Jr. This module discusses absolute value. By the end of the 
module students should understand the geometric and algebraic definitions 
of absolute value. 


Section Overview 


e Geometric Definition of Absolute Value 
e Algebraic Definition of Absolute Value 


Geometric Definition of Absolute Value 


Absolute Value-Geometric Approach 
Geometric definition of absolute value: 

The absolute value of a number a, denoted | a 
on the number line. 


, is the distance from a to 0 


Absolute value answers the question of "how far," and not "which way." 
The phrase "how far" implies "length" and length is always a nonnegative 
quantity. Thus, the absolute value of a number is a nonnegative number. 


Sample Set A 


Determine each value. 


Example: 
[eae 


4 units in length 


Example: 
|-4|=4 


4 units in length 
SSS 


-~6 -5 -4 -3 -2 -1 0 


Example: 
HOE 


Example: 
— | 5 |= —5. The quantity on the left side of the equal sign is read as 


"negative the absolute value of 5." The absolute value of 5 is 5. Hence, 
negative the absolute value of 5 is -5. 


Example: 

— | —3 |= —3. The quantity on the left side of the equal sign is read as 
"negative the absolute value of -3." The absolute value of -3 is 3. Hence, 
negative the absolute value of -3 is —(3) = —3. 


Practice Set A 


By reasoning geometrically, determine each absolute value. 
Exercise: 


Problem: | 7 | 


Solution: 


x 


Exercise: 


Problem 


:| —3 | 


Solution: 


3 


Exercise: 


Problem 


a | 


Solution: 


12 


Exercise: 


Problem: 


0 | 


Solution: 


0 


Exercise: 


Problem 


:— |9| 


Solution: 


-9 


Exercise: 


Problem 


:— | -6 | 


Solution: 


-6 


Algebraic Definition of Absolute Value 


From the problems in [link], we can suggest the following algebraic defini- 
tion of absolute value. Note that the definition has two parts. 


Absolute Value—Algebraic Approach 
Algebraic definition of absolute value 
The absolute value of a number a is 

a, ifa>0O 

ja| = . 
—a, if <0 

The algebraic definition takes into account the fact that the number a could 
be either positive or zero (a > 0) or negative (a < 0). 


1. If the number a is positive or zero (a > 0), the upper part of the 
definition applies. The upper part of the definition tells us that if the 
number enclosed in the absolute value bars is a nonnegative number, 
the absolute value of the number is the number itself. 

2. The lower part of the definition tells us that if the number enclosed 
within the absolute value bars is a negative number, the absolute value 
of the number is the opposite of the number. The opposite of a 
negative number is a positive number. 


Note:The definition says that the vertical absolute value lines may be 
eliminated only if we know whether the number inside is positive or 
negative. 


Sample Set B 


Use the algebraic definition of absolute value to find the following values. 


Example: 

| 8 |. The number enclosed within the absolute value bars is a nonnegative 
number, so the upper part of the definition applies. This part says that the 
absolute value of 8 is 8 itself. 

|8|=8 


Example: 

| —3 |. The number enclosed within absolute value bars is a negative 
number, so the lower part of the definition applies. This part says that the 
absolute value of -3 is the opposite of -3, which is —(—3). By the 
definition of absolute value and the double-negative property, 

lease ect re eee 


Practice Set B 


Use the algebraic definition of absolute value to find the following values. 
Exercise: 


Problem: | 7 | 
Solution: 
7 


Exercise: 


Problem: | 9 | 


Solution: 


a 


Exercise: 


Problem: | —12 | 


Solution: 


12 


Exercise: 


Problem: | —5 | 


Solution: 


3) 


Exercise: 


Problem: — | 8 | 


Solution: 
-8 
Exercise: 


Problem: — | 1 | 


Solution: 
=i 
Exercise: 


Problem: — | —52 | 


Solution: 


-52 


Exercise: 


Problem: — | —31 | 


Solution: 


-31 


Exercises 


Determine each of the values. 
Exercise: 


Problem: | 5 | 


Solution: 
5 


Exercise: 


Problem: | 3 | 
Exercise: 


Problem: | 6 | 


Solution: 


6 


Exercise: 


Problem: | —9 | 


Exercise: 


Problem: 


fe 


Solution: 


1 


Exercise: 


Problem 


Exercise: 


Problem: 


| —4| 


—|3| 


Solution: 


-3 


Exercise: 


Problem 


Exercise: 


Problem 


:—|7| 


:— |-14| 


Solution: 


-14 


Exercise: 


Problem: 


Exercise: 


Problem 


0 | 


>| —26 | 


Solution: 


26 


Exercise: 


Problem: — | —26 | 


Exercise: 


Problem: —(— | 4 |) 


Solution: 


4 


Exercise: 


Problem: —(— | 2 |) 


Exercise: 


Problem: —(— | —6 |) 


Solution: 


6 


Exercise: 


Problem: —(— | —42 |) 


Exercise: 
Problem: | 5 | — | —2 | 


Solution: 


3 


Exercise: 


Problem: | —2 h 


Exercise: 


Problem: | —(2 - 3) | 
Solution: 
6 


Exercise: 
Problem: | —2 | — | —9 | 
Exercise: 
Problem: (| —6 | + | 4 1)” 
Solution: 


100 


Exercise: 


Problem: (| —1 | — | 1 \)° 
Exercise: 
2 3 
Problem: (| 4 | + | —6 |)" — (| —2 |) 
Solution: 


2 


Exercise: 


Problem: —{|—10| — 6)” 


Exercise: 


gre 
Problem: -{-[- [=4|] + | -3 |] \ 


Solution: 


-1 
Exercise: 
Problem: 
A Mission Control Officer at Cape Canaveral makes the statement 
“lift-off, T minus 50 seconds.” How long is it before lift-off? 
Exercise: 
Problem: 
Due to a slowdown in the industry, a Silicon Valley computer company 


finds itself in debt $2,400,000. Use absolute value notation to describe 
this company’s debt. 


Solution: 


—§ | —2,400,000 | 
Exercise: 
Problem: 
A particular machine is set correctly if upon action its meter reads 0. 


One particular machine has a meter reading of —1.6 upon action. How 
far is this machine off its correct setting? 


Exercises for Review 


Exercise: 


Problem: ((link]) Find the sum: 2 + 3+ 4. 


Solution: 


9 


10 


Exercise: 


4 


a 
Problem: ((link]) Find the value of EUR 
20 


Exercise: 


Problem: ({link]) Convert 3.22 to a fraction. 


Solution: 


13 __ 163 
3 50 or 50 
Exercise: 


Problem: 


({link]) The ratio of acid to water in a solution is How many mL of 
acid are there in a solution that contain 112 mL of water? 


Exercise: 


Problem: ({link]) Find the value of —6 — (—8). 


Solution: 


2 


Addition of Real Numbers 

This module is from Fundamentals of Mathematics by Denny Burzynski 
and Wade Ellis, Jr. This module discusses how to add signed numbers. By 
the end of the module students should be able to add numbers with like 
signs and with unlike signs and be able to use the calculator for addition of 
signed numbers. 


Section Overview 
e Addition of Numbers with Like Signs 
e Addition with Zero 


e Addition of Numbers with Unlike Signs 
e Calculators 


Addition of Numbers with Like Signs 


The addition of the two positive numbers 2 and 3 is performed on the 
number line as follows. 


Begin at 0, the origin. 
Since 2 is positive, move 2 units to the right. 
Since 3 is positive, move 3 more units to the right. 


We are now located at 5. 


a+ SS 


-2-1 01232 8 4 6 6 7 
Thus, 2+3=5. 
Summarizing, we have 


(2 positive units) + (3 positive units) = (5 positive units) 


The addition of the two negative numbers -2 and -3 is performed on the 
number line as follows. 


Begin at 0, the origin. 
Since -2 is negative, move 2 units to the left. 
Since -3 is negative, move 3 more units to the left. 


We are now located at -5. 


a 
-7 -6 -5 -4 -3 -2 -1 0 1 2 


Thus, (—2). +(—3)=—5. 

Summarizing, we have 

(2 negative units) + (3 negative units) = (5 negative units) 
Observing these two examples, we can suggest these relationships: 
(positive number) + (positive number) = (positive number) 
(negative number) + (negative number) = (negative number) 
Adding Numbers with the Same Sign 

Addition of numbers with like sign: 


To add two real numbers that have the same sign, add the absolute values of 
the numbers and associate with the sum the common sign. 


Sample Set A 


Find the sums. 


Example: 


34+7 

|3| 3 

7 = Add these absolute values. 
3+ 7=10 


The common sign is “+.” 
Sorte — rt OOM aa te ol: 


Example: 
ay) 
aay = 
|-9| 
4+9=13 
The common sign is “—. 
Thus, (—4) + (—9) = —13. 


Add these absolute values. 


cc 


Practice Set A 


Find the sums. 
Exercise: 


Problem: 8 + 6 


Solution: 


14 


Exercise: 


Problem: 41 + 11 


Solution: 


DZ 


Exercise: 


Problem: 


Solution: 


-12 


Exercise: 


Problem: 


Solution: 


-45 


Exercise: 


Problem 


: —14+ (—20) 


Solution: 


-34 


Exercise: 


Problem: 


Solution: 


w|~ 


Exercise: 


Problem 


: —2.8 + (—4.6) 


Solution: 
—T7.4 


Exercise: 


Problem: 0 + (—16) 


Solution: 


—16 


Addition With Zero 


Addition with Zero 

Notice that 

(0) + (a positive number) = (that same positive number). 
(0) + (a negative number) = (that same negative number). 


The Additive Identity Is Zero 


Since adding zero to a real number leaves that number unchanged, zero is 
called the additive identity. 


Addition of Numbers with Unlike Signs 


The addition 2 + (—6), two numbers with unlike signs, can also be 
illustrated using the number line. 


Begin at 0, the origin. 
Since 2 is positive, move 2 units to the right. 
Since -6 is negative, move, from 2, 6 units to the left. 


We are now located at -4. 


-5 -4-3-2-1 0 1 2 3 4 


We can suggest a rule for adding two numbers that have unlike signs by 
noting that if the signs are disregarded, 4 can be obtained by subtracting 2 
from 6. But 2 and 6 are precisely the absolute values of 2 and -6. Also, 
notice that the sign of the number with the larger absolute value is negative 
and that the sign of the resulting sum is negative. 


Adding Numbers with Unlike Signs 

Addition of numbers with unlike signs: To add two real numbers that have 
unlike signs, subtract the smaller absolute value from the larger absolute 
value and associate with this difference the sign of the number with the 
larger absolute value. 


Sample Set B 


Find the following sums. 


Example: 
7 + (—2) 
7) =7 |-2| =2 
Larger absolute Smaller absolute 
value. Sign is positive. value. 


Subtract absolute values: 7 — 2 = 5. 
Attach the proper sign: "+." 
Thus, 7 + (—2) = +5 or 7 + (—2) =5. 


Example: 
3+ (-11) 


(33 Eee elnl 
Smaller absolute Larger absolute 
value. value. Sign is negative. 
Subtract absolute values: 11 — 3 = 8. 
Attach the proper sign: "—." 
Thus, 3 + (—11) = —8. 


Example: 

The morning temperature on a winter's day in Lake Tahoe was -12 degrees. 
The afternoon temperature was 25 degrees warmer. What was the 
afternoon temperature? 

We need to find —12 + 25. 


|—12| = 12 25) = 25 
Smaller absolute Larger absolute 
value. value. Sign is positive. 


Subtract absolute values: 25 — 12 = 16. 
Attach the proper sign: "+." 
Thus, —12 + 25 = 13. 


Practice Set B 


Find the sums. 
Exercise: 


Problem: 4 + (—3) 


Solution: 


1 


Exercise: 


Problem: —3 + 5 


Solution: 
2 
Exercise: 


Problem: 15 + (—18) 


Solution: 
-3 


Exercise: 


Problem: 0 + (—6) 


Solution: 
-6 
Exercise: 


Problem: —26 + 12 
Solution: 
-14 

Exercise: 


Problem: 35 + (—78) 


Solution: 


-43 


Exercise: 


Problem: 15 + (—10) 


Solution: 


rs) 


Exercise: 


Problem 


:1.5+ (—2) 


Solution: 


-0.5 


Exercise: 


Problem 


>:—-8+0 


Solution: 


-8 


Exercise: 


Problem 


5 0+-.(0.57) 


Solution: 


0.57 


Exercise: 


Problem 


: —879 + 454 


Solution: 


-425 


Calculators 


Calculators having the 
+/— 


key can be used for finding sums of signed numbers. 


Sample Set C 


Use a calculator to find the sum of -147 and 84. 


Display 
Reads 


Type 147 147 


This key changes the sign of a 


Press = “147 number. It is different than —. 


Press ate -147 
Type 84 84 


Press = -63 


Practice Set C 


Use a calculator to find each sum. 
Exercise: 


Problem: 673 + (—721) 


Solution: 
-48 
Exercise: 
Problem: —8,261 + 2,206 
Solution: 
-6,085 


Exercise: 


Problem: — 1,345.6 + (—6,648.1) 


Solution: 


-7,993.7 


Exercises 


Find the sums in the following 27 problems. If possible, use a calculator to 
check each result. 
Exercise: 


Problem: 4 + 12 


Solution: 


16 


Exercise: 


Problem: 


Exercise: 


Problem: 


3-0 


Solution: 


-15 


Exercise: 


Problem: 


Exercise: 


Problem 


> 10+ (-2) 


Solution: 


8 


Exercise: 


Problem: 


Exercise: 


Problem 


8 + (—15) 


: —16+ (-9) 


Solution: 


-25 


Exercise: 


Problem 


: —22 + (-1) 


(—3) + (-12) 


(—6) + (—20) 


Exercise: 


Problem: 


0+ (—12) 


Solution: 


-12 


Exercise: 


Problem: 


Exercise: 


Problem 


0+ (—4) 


> 0+ (24) 


Solution: 


24 


Exercise: 


Problem 


Exercise: 


Problem 


:—6+1+(-7) 


: —5 + (—12) + (—4) 


Solution: 


-21 


Exercise: 


Problem 


Exercise: 


>-5+5 


Problem: 


Solution: 


0 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


0 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


23 


Exercise: 


Problem: 


Exercise: 


Problem: 


et en at 


—14+4 14 


4+(-4) 


9+ (-9) 


84 + (—61) 


13 + (—56) 


452 + (—124) 


Solution: 


328 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


876 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


-1,255 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


-6.084 


636 + (—989) 


1,811 + (—935) 


~373 + (—14) 


—1,211 + (—44) 


—47.03 + (—22.71) 


—1.998 + (—4.086) 


Exercise: 
Problem: 
In order for a small business to break even on a project, it must have 


sales of $21,000. If the amount of sales was $15,000, by how much 
money did this company fall short? 


Exercise: 
Problem: 
Suppose a person has $56 in his checking account. He deposits $100 
into his checking account by using the automatic teller machine. He 
then writes a check for $84.50. If an error causes the deposit not to be 


listed into this person’s account, what is this person’s checking 
balance? 


Solution: 


-$28.50 
Exercise: 


Problem: 


A person borrows $7 on Monday and then $12 on Tuesday. How much 
has this person borrowed? 


Exercise: 


Problem: 


A person borrows $11 on Monday and then pays back $8 on Tuesday. 
How much does this person owe? 


Solution: 


$3.00 


Exercises for Review 


Exercise: 


Problem: ({link]) Find the reciprocal of 82. 


Exercise: 
Problem: ((link]) Find the value of Py + ie — 7 


Solution: 


Ba 
36 


Exercise: 


Problem: ({link]) Round 0.01628 to the nearest tenth. 


Exercise: 


Problem: ({link]) Convert 62% to a fraction. 


Solution: 


62 _ 31 
100 ~ 50 


Exercise: 


Problem: (({link]) Find the value of | —12 |. 


Subtraction of Real Numbers 

This module is from Fundamentals of Mathematics by Denny Burzynski 
and Wade Ellis, Jr. This module discusses how to subtract signed numbers. 
By the end of the module students should understand the definition of 
subtraction, be able to subtract signed numbers and be able to use a 
calculator to subtract signed numbers. 


Section Overview 
e Definition of Subtraction 


e The Process of Subtraction 
e Calculators 


Definition of Subtraction 


We know from experience with arithmetic that the subtraction 5 — 2 
produces 3, that is 5 — 2 = 3. We can suggest a rule for subtracting signed 
numbers by illustrating this process on the number line. 


Begin at 0, the origin. 
Since 5 is positive, move 5 units to the right. 


Then, move 2 units to the left to get to 6. (This reminds us of addition with 
a negative number.) 


From this illustration we can see that 5 — 2 is the same as 5 + (—2). This 
leads us directly to the definition of subtraction. 


Definition of Subtraction 
If a and b are real numbers, a — b is the same as a + (—b), where —0 is the 
opposite of b. 


The Process of Subtraction 


From this definition, we suggest the following rule for subtracting signed 
numbers. 


Subtraction of Signed Numbers 


To perform the subtraction a — 6, add the opposite of b to a, that is, change 
the sign of b and add. 


Sample Set A 


Perform the indicated subtractions. 


Example: 
5—-3=5+(-3) =2 


Example: 
4—9=4+(-9)=-5 


Example: 
—4—6=-4+(-6) = -10 


Example: 
—3 — (-12) = -3+12=9 


Example: 


0 —(—15) =04+15=15 


Example: 

The high temperature today in Lake Tahoe was 26°F. The low temperature 
tonight is expected to be -7°F. How many degrees is the temperature 
expected to drop? 

We need to find the difference between 26 and -7. 

26 — (—7) = 26+ 7 = 33 

Thus, the expected temperature drop is 33°F. 


Example: 

—6—(-5)-10 = -6+5+(-10) 
= (-6+4+5)+(-10) 
= == (—10) 
= -ll 


Practice Set A 


Perform the indicated subtractions. 
Exercise: 


Problem: 9 — 6 


Solution: 


3 


Exercise: 


Problem: 6 — 9 


Solution: 


-3 


Exercise: 


Problem: 


Solution: 


-7 


Exercise: 


Problem 


:1-—14 


Solution: 


-13 


Exercise: 


Problem 


:—-8—12 


Solution: 


-20 


Exercise: 


Problem 


: —21—-—6 


Solution: 


-27 


Exercise: 


Problem: —6 — (—4) 
Solution: 
ap 

Exercise: 


Problem: 8 — (—10) 


Solution: 
18 


Exercise: 


Problem: 1 — (—12) 


Solution: 
13 
Exercise: 


Problem: 86 — (—32) 
Solution: 
118 

Exercise: 
Problem: 0 — 16 
Solution: 


-16 


Exercise: 


Problem: 0 — (—16) 


Solution: 


16 


Exercise: 


Problem: 0 — (8) 


Solution: 
-8 
Exercise: 
Problem: 5 — (—5) 
Solution: 
10 


Exercise: 


Problem: 24 — [—(—24)| 


Solution: 


0 


Calculators 


Calculators can be used for subtraction of signed numbers. The most 
efficient calculators are those with a 


key. 


Sample Set B 


Use a calculator to find each difference. 


Example: 
3,187 — 8,719 


Display Reads 

Type 3187 
Press 7 
Type 8719 


Press = 


Thus, 3,187 — 8,719 = —5,532. 


Example: 
—156 — (—211) 
Method A: 


3187 


3187 


8719 


-5932 


Display Reads 


Type 156 156 
Press +/= -156 
Type - -156 
Press 211 211 
Type += -211 
Press = 318) 


Thus, —156 — (—211) = 55. 

Method B: 

We manually change the subtraction to an addition and change the sign of 
the number to be subtracted. 

—156 — (—211) becomes —156 + 211 


Display Reads 


Type 156 156 


Press +/- -156 


Press a3 -156 
Type 211 211 


Press = 55 


Practice Set B 


Use a calculator to find each difference. 
Exercise: 


Problem: 44 — 315 


Solution: 
-271 


Exercise: 


Problem: 12.756 — 15.003 


Solution: 
-2.247 


Exercise: 


Problem: —31.89 — 44.17 


Solution: 


-76.06 


Exercise: 


Problem: —0.797 — (—0.615) 


Solution: 


-0.182 


Exercises 


For the following 18 problems, perform each subtraction. Use a calculator 
to check each result. 
Exercise: 


Problem: 8 — 3 


Solution: 
5 


Exercise: 


Problem: 12 — 7 


Exercise: 


Problem: 5 — 6 


Solution: 
Es | 


Exercise: 


Problem: 14 — 30 


Exercise: 


Problem: 


Solution: 


-14 


Exercise: 


Problem 


Exercise: 


Problem: 


Solution: 


-2 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


-6 


Exercise: 


Problem 


Exercise: 


Problem: 


=] —12 


-5 —(-8) 


1 (28) 


O15 


j= (27) 


Solution: 


7 


Exercise: 


Problem 


Exercise: 


Problem: 


: 0 — (—10) 


67 — 38 


Solution: 


29 


Exercise: 


Problem: 


Exercise: 


Problem: 


142 — 85 


816 — 1140 


Solution: 


-324 


Exercise: 


Problem: 


Exercise: 


Problem: 


105 — 421 


—550 — (—121) 


Solution: 


-429 


Exercise: 
Problem: —15.016 — (4.001) 


For the following 4 problems, perform the indicated operations. 
Exercise: 


Problem: —26 + 7 — 52 


Solution: 


-71 


Exercise: 


Problem: —15 — 21 — (—2) 


Exercise: 


Problem: — 104 — (—216) — (—52) 


Solution: 


164 


Exercise: 


Problem: —0.012 — (—0.111) — (0.035) 
Exercise: 
Problem: 
When a particular machine is operating properly, its meter will read 


34. If a broken bearing in the machine causes the meter reading to drop 
by 45 units, what is the meter reading? 


Solution: 


“11 
Exercise: 


Problem: 


The low temperature today in Denver was —4’F and the high was 
—42°F. What is the temperature difference? 


Exercises for Review 


Exercise: 


Problem: ({link]) Convert 16.02= to a decimal. 


Solution: 
16.022 


Exercise: 


Problem: ({link]) Find 4.01 of 6.2. 


Exercise: 


Problem: ({link]) Convert iz to a percent. 


Solution: 


oL.2570 


Exercise: 


Problem: 


({link]) Use the distributive property to compute the product: 15 - 82. 


Exercise: 


Problem: ((link]) Find the sum: 16 + (—21). 


Solution: 


-5 


Multiplication and Division of Real Numbers 

This module is from Fundamentals of Mathematics by Denny Burzynski 
and Wade Ellis, Jr. This module discusses how to multiply and divide 
signed numbers. By the end of the module students should be able to 
multiply and divide signed numbers and be able to multiply and divide 
signed numbers using a calculator. 


Section Overview 
¢ Multiplication of Signed Numbers 


e Division of Signed Numbers 
e Calculators 


Multiplication of Signed Numbers 
Let us consider first, the product of two positive numbers. Multiply: 3 - 5. 


3-5means5+5+5=15 


This suggests| footnote] that 

In later mathematics courses, the word "suggests" turns into the word 
"proof." One example does not prove a claim. Mathematical proofs are 
constructed to validate a claim for all possible cases. 

(positive number) - (positive number) = (positive number) 


More briefly, 


Now consider the product of a positive number and a negative number. 
Multiply: (3)(—5). 


(3)(—5) means (—5) + (—5) + (—5) = —15 


This suggests that 


(positive number) - (negative number) = (negative number) 
More briefly, 

Cala) =k) 

By the commutative property of multiplication, we get 

(negative number) - (positive number) = (negative number) 
More briefly, 

Jeri] 


The sign of the product of two negative numbers can be suggested after 
observing the following illustration. 


Multiply -2 by, respectively, 4, 3, 2, 1, 0, -1, -2, -3, -4. 


When this number this product increases 
decreases by 1, by 2. 

{ 

4(—2) =-8 As we know, 

3(— 2) mG to ere 

2(—2) | AHO) = C) 

1(—2) =—2 As we know, 

0(— 2) = 0—(0) - (any number) = 0 
7172) = 2) the patt ted i 
~9(-2) me" e pattern suggested is 
— —_ — 6 
CU) OH 


We have the following rules for multiplying signed numbers. 


Rules for Multiplying Signed Numbers 
Multiplying signed numbers: 


1. To multiply two real numbers that have the same sign, multiply their 
absolute values. The product is positive. 


(+)(+) = (+) 
(=)(=) =a) 

2. To multiply two real numbers that have opposite signs, multiply their 
absolute values. The product is negative. 


Th) 


Sample Set A 


Find the following products. 


Example: 

8-6 

8] = 8 

6 6 Multiply these absolute values. 
8-6 = 48 


Since the numbers have the same sign, the product is positive. 
Thus, 8 -6=+48, or 8-6 = 48. 


Example: 
(—8)(—6) 
[| os 

6 6 Multiply these absolute values. 

8-6 = 48 

Since the numbers have the same sign, the product is positive. 
Thus, (—8)(—6)=+48, or (—8)(—6) = 48. 


Example: 


(—4)(7) 


Zi 

\7| 
4-7=28 
Since the numbers have opposite signs, the product is negative. 
Thus, (—4)(7) = —28. 


4 
i Multiply these absolute values. 


Example: 

6(—3) 
\6| 

|-3| 

Os 

Since the numbers have opposite signs, the product is negative. 

Thus, 6(—3) = —18. 


= 6 
Pe) 4 Multiply these absolute values. 


Practice Set A 


Find the following products. 
Exercise: 


Problem: 3(—8) 


Solution: 
-24 


Exercise: 


Problem: 4(16) 


Solution: 


64 


Exercise: 


Problem: (—6)(—5) 
Solution: 


30 


Exercise: 


Problem: (—7)(—2) 
Solution: 


14 


Exercise: 


Problem: (—1)(4) 


Solution: 
-4 
Exercise: 


Problem: (—7)7 


Solution: 


-49 


Division of Signed Numbers 
To determine the signs in a division problem, recall that 


=e = A-since 1? = 3-4 


This suggests that 


oa 
ie = (+) 
+ 
{= (4) since (+) = (4)(4) 
What is —> + ? 
—12 = (—3)(—4) suggests that 2 = —4. That is, 
oe 
(+) = (—)(—) suggests that Hs = (-) 
What is => — Sat 


—12 = (3)(—4) suggests that 32 = —4. That is, 


—) = (4+)(—) suggests that iy = (-) 


“—— 


(—)(+) suggests that > = (+4) 


— 
a 
| 


We have the following rules for dividing signed numbers. 


Rules for Dividing Signed Numbers 
Dividing signed numbers: 


1. To divide two real numbers that have the same sign, divide their 
absolute values. The quotient is positive. 


Bw H = 
2. To divide two real numbers that have opposite signs, divide their 
absolute values. The quotient is negative. 


a oO 


Sample Set B 


Find the following quotients. 


10 
9 } Divide these absolute values. 


Since the numbers have opposite signs, the quotient is negative. 
Thus = iy 


35 
7 } Divide these absolute values. 


Since the numbers have the same signs, the quotient is positive. 
Thus, =2 = 5. 


Example: 
18, 
—9 


Red 
[18] ‘| Divide these absolute values. 


Since the numbers have opposite signs, the quotient is negative. 
Thus, 4 —, 


Practice Set B 


Find the following quotients. 
Exercise: 


Problem: “3h 


Solution: 


4 


Exercise: 


Problem: 2. 


Solution: 
-6 
Exercise: 


. —04 
Problem: 27 


Solution: 


-2 


Exercise: 


; Bl 
Problem: 17 


Solution: 


3 


Sample Set C 


Example: 

; 6(4—7) —2(8—9) 
Find the value of =o se 
Using the order of operations and what we know about signed numbers, we 
get, 

RSP =270=9) S02 GT) 

—(4+1)+1 _ —(5)+1 
_ 1842 
—5+1 
= mfrac 
= = 8 


Practice Set C 


Exercise: 


5(2—6)—4(—8—1) 


Problem: Find the value of 3(3-10)—9(—2) 


Solution: 


14 


Calculators 
Calculators with the 
+/— 


key can be used for multiplying and dividing signed numbers. 


Sample Set D 


Use a calculator to find each quotient or product. 


Example: 

(—186) - (—43) 

Since this product involves a (negative) - (negative), we know the result 
should be a positive number. We'll illustrate this on the calculator. 


Display Reads 
Type 186 186 
Press f= -186 
Press x -186 


Type 43 43 


Press +/— -43 


Press = 7998 
Thus, (—186) . (—43) =a dos. 


Example: 


— - . Round to one decimal place. 


Display Reads 
Type 158.64 158.64 
Press Be 158.64 
Type 54.3 54.3 
Press Sy -54.3 
Press = -2.921546961 


Rounding to one decimal place we get -2.9. 


Practice Set D 


Use a calculator to find each value. 
Exercise: 


Problem: (—51.3) - (—21.6) 


Solution: 
1,108.08 
Exercise: 
Problem: —2.5746 + —2.1 
Solution: 
1.226 


Exercise: 


Problem: (0.006) - (—0.241). Round to three decimal places. 


Solution: 


-0.001 


Exercises 
Find the value of each of the following. Use a calculator to check each 


result. 
Exercise: 


Problem: (—2)(—8) 


Solution: 


16 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


32 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


-36 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


-60 


Exercise: 


(4)(-18) 


(10) (—6) 


Problem: 


Exercise: 


Problem: 


Solution: 


-12 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


3 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


-13 


Exercise: 


Problem: 


—20 


Exercise: 


Problem: — 


Solution: 
9 


Exercise: 


Problem: — 


Exercise: 


Problem: > 


Solution: 
5 


Exercise: 


Problem: —— 

Exercise: 
Problem: 8 — (—3) 
Solution: 


11 


Exercise: 


Problem: 14 — (—20) 


Exercise: 


Problem: 20 — (—8) 


Solution: 
28 


Exercise: 


Problem: —4 — (—1) 


Exercise: 


Problem: 0 — 4 


Solution: 
-4 


Exercise: 


Problem: 0 — (—1) 


Exercise: 


Problem: —6 + 1 — 7 
Solution: 


-12 


Exercise: 


Problem: 15 — 12 — 20 


Exercise: 


Problem: 1 —6—7+8 


Solution: 


-4 


Exercise: 


Problem 


Exercise: 


Problem: 


:2+7-10+2 


3(4 — 6) 


Solution: 


-6 


Exercise: 


Problem: 


Exercise: 


Problem: 


8(5 — 12) 


—3(1— 6) 


Solution: 


ils: 


Exercise: 


Problem: 


Exercise: 


Problem: 


a8(419)2 


SA iB) 300 = 3) 


Solution: 


49 


Exercise: 


Problem: —9(0 — 2) + 4(8 — 9) + 0(—3) 
Exercise: 

Problem: 6(—2 — 9) — 6(2 + 9) + 4(—1 — 1) 

Solution: 

-140 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


-7 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


-3 


Exercise: 


Problem: —1(4 + 2) 
Exercise: 
Problem: —1(6 — 1) 


Solution: 
25 


Exercise: 


Problem: — (8 + 21) 


Exercise: 


Problem: —(8 — 21) 


Solution: 


13 


Exercises for Review 


Exercise: 


Problem: 
([link]) Use the order of operations to simplify (5? + 3? + 2)+2?. 


Exercise: 


Problem: ((link]) Find Sof =. 


Solution: 


4_ 41 
3 1 3 
Exercise: 


Problem: 


({link]) Write this number in decimal form using digits: “fifty-two 
three-thousandths” 


Exercise: 


Problem: 


({link]) The ratio of chlorine to water in a solution is 2 to 7. How many 
mL of water are in a solution that contains 15 mL of chlorine? 


Solution: 
1 
525 


Exercise: 


Problem: (({link]) Perform the subtraction —8 — (—20) 


Algebraic Expressions 

This module is from Fundamentals of Mathematics by Denny Burzynski and Wade Ellis, Jr. This module 
discusses algebraic expressions. By the end of the module students should be able to recognize an algebraic 
expression, be able to distinguish between terms and factors, understand the meaning and function of 
coefficients and be able to perform numerical evaluation. 


Section Overview 


Algebraic Expressions 
e Terms and Factors 

e Coefficients 

e Numerical Evaluation 


Algebraic Expressions 


Numerical Expression 
In arithmetic, a numerical expression results when numbers are connected by arithmetic operation signs (+, -, 
*, +). For example, 8 + 5, 4 — 9, 3- 8, and 9 + 7 are numerical expressions. 


Algebraic Expression 

In algebra, letters are used to represent numbers, and an algebraic expression results when an arithmetic 
operation sign associates a letter with a number or a letter with a letter. For example, z + 8,4—y,3-2, 
“x+7,and «- yare algebraic expressions. 


Expressions 
Numerical expressions and algebraic expressions are often referred to simply as expressions. 


Terms and Factors 
In algebra, it is extremely important to be able to distinguish between terms and factors. 


Distinction Between Terms and Factors 
Terms are parts of sums and are therefore connected by + signs. 
Factors are parts of products and are therefore separated by « signs. 


Note: While making the distinction between sums and products, we must remember that subtraction and 
division are functions of these operations. 


1. In some expressions it will appear that terms are separated by minus signs. We must keep in mind that 
subtraction is addition of the opposite, that is, 
t—y=2x+(—y) 
2. In some expressions it will appear that factors are separated by division signs. We must keep in mind that 
1 


z xz 1 
or . — xz . 
ae y 


Sample Set A 


State the number of terms in each expression and name them. 


Example: 
x + 4. In this expression, x and 4 are connected by a'"+" sign. Therefore, they are terms. This expression 
consists of two terms. 


Example: 

y — 8. The expression y — 8 can be expressed as y + (—8). We can now see that this expression consists of 
the two terms y and —8. 

Rather than rewriting the expression when a subtraction occurs, we can identify terms more quickly by 
associating the + or - sign with the individual quantity. 


Example: 
a+7-—b-—~m. Associating the sign with the individual quantities, we see that this expression consists of the 
four terms a, 7, —b, —m. 


Example: 
5m — 8n. This expression consists of the two terms, 5m and —8n. Notice that the term 5m is composed of 
the two factors 5 and m. The term —8n is composed of the two factors —8 and n. 


Example: 
32. This expression consists of one term. Notice that 32 can be expressed as 3a + 0 or 3z - 1 (indicating the 
connecting signs of arithmetic). Note that no operation sign is necessary for multiplication. 


Practice Set A 


Specify the terms in each expression. 
Exercise: 


Problem: x + 7 
Solution: 


x, 7 


Exercise: 


Problem: 3m — 6n 


Solution: 


3m — 6n 


Exercise: 


Problem: 5y 


Solution: 


Sy 


Exercise: 


Problem: a + 2b —c 


Solution: 
a, 2b, —c 


Exercise: 


Problem: —3xz — 5 


Solution: 


—32,—5 


Coefficients 


We know that multiplication is a description of repeated addition. For example, 
5:7 describess7+7+7+7+7 


Suppose some quantity is represented by the letter z. The multiplication 5x describes 7 + x2+2+2+442. Itis 
now easy to see that 5x specifies 5 of the quantities represented by a. In the expression 52, 5 is called the 
numerical coefficient, or more simply, the coefficient of x. 


Coefficient 
The coefficient of a quantity records how many of that quantity there are. 


Since constants alone do not record the number of some quantity, they are not usually considered as numerical 
coefficients. For example, in the expression 7x + 2y — 8z + 12, the coefficient of 


7x is 7. (There are 7 x's.) 
2y is 2. (There are 2 y's.) 
—8zis —8. (There are —8z's.) 


The constant 12 is not considered a numerical coefficient. 


lz=<2z 
When the numerical coefficient of a variable is 1, we write only the variable and not the coefficient. For 
example, we write x rather than 12. It is clear just by looking at x that there is only one. 


Numerical Evaluation 


We know that a variable represents an unknown quantity. Therefore, any expression that contains a variable 
represents an unknown quantity. For example, if the value of x is unknown, then the value of 3x + 5 is 
unknown. The value of 3x + 5 depends on the value of z. 


Numerical Evaluation 
Numerical evaluation is the process of determining the numerical value of an algebraic expression by 
replacing the variables in the expression with specified numbers. 


Sample Set B 


Find the value of each expression. 


Example: 
de fay it ¢ — —4 and 4 — 2 
Replace x with -4 and y with 2. 
2e+7y = 2(—4)+7(2) 
= =p 14 
6 
Thus, when « =—4 and y = 2, 2a + Ty = 6. 


Example: 
5a 8b . 
ae + Jo’ fa = 6 andb= —3. 
Replace a with 6 and b with —3. 
ba , 8 _ 5(6) | 8(-3) 
7 eS = oo 
= mfrac + mfrac 
= —10+4 (-2) 
= -12 
b 
Thus, when a = 6 and b =-3, oa + 5 = —12. 
b iy 
Example: 


6(2a — 15b), ifa = —5 andb = -1 
Replace a with —5 and 6 with -1. 
6(2a — 156) = 6(2(—5) — 15(-1)) 
= 6(—10 + 15) 
= 6(5) 
30 
Thus, when a = —5 and b = -1, 6(2a — 15b) = 30. 


Example: 

82” —2e4+1,ife=—4 

Replace x with 4. 

322 -—2¢+1 = 3(4)? — 2(4) aT 
= 3-16-—2(4)+1 
= 43 = il 
= dil 


Thus, when x = 4, 3a? — 22 +1=41. 


Example: 


-27? —Aifx=3 

Replace x with 3. 

—¢?—-4 = —3 —4 Be careful to square only the 3. The exponent 2 is connected only to 3, not -3 
= =)=4 
= —13 

Example: 


(—2) —4,ifx = 3. 

Replace x with 3. 

(-2)’-4 = (-3 

= $4 
—5 

The exponent is connected to —3, not 3 as in the problem above. 


a Awl he exponent is connected to -3, not 3 as in problem 5 above. 


Practice Set B 


Find the value of each expression. 
Exercise: 


Problem: 9m — 2n, ifm = —2 andn = 5 


Solution: 


-28 


Exercise: 


Problem: —3z — 5y+ 2z, ifx = —4,y=3,z=0 
Solution: 
3 


Exercise: 


1 4b 
Problem: ~ ae ifa = —6, andb= 2 


Solution: 


-6 


Exercise: 


Problem: 8(3m — 5n), ifm = —4andn = —5 
Solution: 


104 


Exercise: 
Problem: 3/—40 — 2(4a — 3b)], ifa = —6 andb =0 


Solution: 


24 


Exercise: 


Problem: by? + 6y —11,ify=—-1 
Solution: 


-12 


Exercise: 


Problem: —x? + 2x + Tike 4 
Solution: 


-1 


Exercise: 


Problem: (—«)” + 2x +7, if2 = 4 


Solution: 


31 


Exercises 

Exercise: 
Problem: In an algebraic expression, terms are separated by signs and factors are separated by signs. 
Solution: 


Addition; multiplication 


For the following 8 problems, specify each term. 
Exercise: 


Problem: 3m + 7n 


Exercise: 


Problem: 5x + 18y 


Solution: 


5x ,18y 


Exercise: 


Problem: 4a — 6b +c 


Exercise: 


Problem: 8s + 2r — 7t 


Solution: 


8s,2r, — Tt 


Exercise: 


Problem: m — 3n — 4a + 7b 


Exercise: 


Problem: 7a — 2b — 3c — 4d 
Solution: 


7a, — 2b, — 3c, — 4d 


Exercise: 


Problem: —6a — 5b 


Exercise: 


Problem: —z — y 
Solution: 


—&@,—Y 


Exercise: 


Problem: What is the function of a numerical coefficient? 


Exercise: 


Problem: Write 1m in a simpler way. 
Solution: 


m 


Exercise: 


Problem: Write 1s in a simpler way. 


Exercise: 


Problem: In the expression 5a, how many a’s are indicated? 


Solution: 


5 


Exercise: 


Problem: In the expression —7c, how many c’s are indicated? 


Find the value of each expression. 
Exercise: 


Problem: 2m — 6n, ifm = —3 andn = 4 
Solution: 


-30 


Exercise: 


Problem: 5a + 60, ifa = —6 andb=5 


Exercise: 


Problem: 2x2 — 3y+ 4z, if~ =1, y= —1, andz= —2 
Solution: 


-3 


Exercise: 


Problem: 9a + 6b — 8a + 4y, if a 2,6 1a 


Exercise: 


8 18 
Problem: he + coal if =9andy= —2 
3y 22x 
Solution: 
-14 
Exercise: 
—3m —6n . 
Problem: ,ifm = —6andn = 3 
2n m 
Exercise: 


Problem: 4(3r + 2s), ifr = 4 ands = 1 
Solution: 


56 


Exercise: 


2,and y = 0 


Problem: 


Exercise: 


Problem: 


Solution: 


64 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


1 


Exercise: 


Problem: 


Exercise: 


Problem 


(a — 3b + 2c — d), ifa 


3(9a — 6b), if a = —1andb = —2 


—8(5m + 8n), ifm = 0andn = —1 


—2(-62 + y — 2z), iff =1,y=1,andz=2 


—(102 — 2y+5z)ife =2,y=8, andz=-1 


—5,b=2,c=0,andd=—1 


: 3[16 — 3(a + 3b)|, if a = 3 and b = —2 


Solution: 


75 


Exercise: 


Problem 


Exercise: 


Problem: 


: —2[5a + 2b(b — 6)], ifa = —2 andb=3 


Solution: 


24 


Exercise: 


Problem: 


Exercise: 


Problem 


b 


2{19 — 6/4 — 2(a 


2° +32 —-1,ife=5 


Solution: 


{6x + 3y[—2(a + 4y)|}, ifs =Oandy=1 


7)|}, ifa = 10 andb=3 


39 


Exercise: 


Problem: m” — 2m + 6, if m = 3 
Exercise: 

Problem: 6a” + 2a — 15, ifa = —2 

Solution: 

5 


Exercise: 


Problem: 5s” + 65 + 10, ifz = —-1 
Exercise: 

Problem: 16x? + 8x2 — 7,ife=0 

Solution: 

-7 


Exercise: 


Problem: —8y” + 6y + 11, if y= 0 


Exercise: 


Problem: (y — 6)” + 3(y—5) +4, ify =5 
Solution: 


5 


Exercise: 


Problem: (x + 8)” + 4(z +9) +1, if2 = —6 


Exercises for Review 


Exercise: 
: 2 3 1 
Problem: ((link]) Perform the addition: aa + re 
Solution: 
181 13 


(24 «24 


Exercise: 


15 


11 
Problem: ((link]) Arrange the numbers in order from smallest to largest: — 


Exercise: 


2 
2 
Problem: ((link]) Find the value of (5) + = 


Solution: 


20 
27 


Exercise: 


Problem: ((link]) Write the proportion in fractional form: “9 is to 8 as x is to 7.” 


Exercise: 


Problem: (([link]) Find the value of —3(2 — 6) — 12 
Solution: 


0 


»——,) an 
32° 48 


7 


16 


Translations 

This module is from Fundamentals of Mathematics by Denny Burzynski 
and Wade Ellis, Jr. This module discusses how to translate word to 
mathematical symbols. By the end of the module students should be able to 
translate phrases and statements to mathematical expressions and equations. 


Section Overview 


e Translating Words to Symbols 


Translating Words to Symbols 


Practical problems seldom, if ever, come in equation form. The job of the 
problem solver is to translate the problem from phrases and statements into 
mathematical expressions and equations, and then to solve the equations. 


As problem solvers, our job is made simpler if we are able to translate 
verbal phrases to mathematical expressions and if we follow the five-step 
method of solving applied problems. To help us translate from words to 
symbols, we can use the following Mathematics Dictionary. 


MATHEMATICS DICTIONARY 


Mathematical 
Word or Phrase : 

Operation 
Sum, sum of, added to, increased by, more r 


than, and, plus 


Difference, minus, subtracted from, decreased 
by, less, less than 


Product, the product of, of, multiplied by, 
times, per 


Quotient, divided by, ratio, per = 
Equals, is equal to, is, the result is, becomes = 


A number, an unknown quantity, an unknown, x (or any 
a quantity symbol) 


Sample Set A 


Translate each phrase or sentence into a mathematical expression or 
equation. 


Example: 
Ninemore thansome number. 
9 + xr 


Translation: 9 + 2. 


Example: 
EKighteenminusa number. 
18 = € 

Translation: 18 — z. 


Example: 
A quantity less five. 
—- 65 
y 


Translation: y — 5. 


Example: 

Fourtimesa number is sixteen. 
4 : a8 = 16 

Translation: 4x = 16. 


Example: 
One fifth of anumber is thirty. 


1 . = 
+ : 30 


: 1 n 
Translation: at =-S0 sor 5 =i 0b 


Example: 
Five times anumber is two more than twice the number. 
5 ; ar ee = 2. ar 


Translation: 52 = 2 + 22. 


Practice Set A 


Translate each phrase or sentence into a mathematical expression or 
equation. 
Exercise: 


Problem: Twelve more than a number. 


Solution: 


12+ 2 


Exercise: 


Problem: Eight minus a number. 


Solution: 
8-2 
Exercise: 
Problem: An unknown quantity less fourteen. 
Solution: 
z—14 
Exercise: 
Problem: Six times a number is fifty-four. 
Solution: 
67-54 
Exercise: 
Problem: Two ninths of a number is eleven. 


Solution: 


2 
—xz-—11 
9 


Exercise: 


Problem: 


Three more than seven times a number is nine more than five times the 
number. 


Solution: 


3+ 72 =—9+ 52 


Exercise: 
Problem: 


Twice a number less eight is equal to one more than three times the 
number. 


Solution: 


2x —8 = 3z+1lor2x —-8 = 1+ 32 


Sample Set B 


Example: 

Sometimes the structure of the sentence indicates the use of grouping 
symbols. We’ll be alert for commas. They set off terms. 

A numberdivided byfour,minus six, is twelve 

6 = iy 


(x + 4) 


Translation: - —6= 12. 


Example: 

Some phrases and sentences do not translate directly. We must be careful to 
read them properly. The word from often appears in such phrases and 
sentences. The word from means “a point of departure for motion.” The 
following translation will illustrate this use. 


Twenty is subtracted from some number. 
Neen omen? Vennseenmnsen yess Vettearpsnta set? 


x 20 


Translation: x — 20. 


The word from indicated the motion (subtraction) is to begin at the point of 
“some number.” 


Example: 
Ten less than some number. Notice that less than can be replaced by from. 


Ten from some number. 
Translation: x — 10. 


Practice Set B 


Translate each phrase or sentence into a mathematical expression or 
equation. 
Exercise: 


Problem: A number divided by eight, plus seven, is fifty. 
Solution: 


4 0 
~+7=50 
8 


Exercise: 


Problem: 


A number divided by three, minus the same number multiplied by six, 
is one more than the number. 


Solution: 

2 

-~ _ 67 = 1 
3 LE-=at+ 


Exercise: 


Problem: Nine from some number is four. 


Solution: 


r—-9-—4 


Exercise: 


Problem: Five less than some quantity is eight. 


Solution: 


zr—-5=—8 


Exercises 


Translate each phrase or sentence to a mathematical expression or equation. 
Exercise: 


Problem: A quantity less twelve. 


Solution: 


xz—12 


Exercise: 


Problem: Six more than an unknown number. 


Exercise: 


Problem: A number minus four. 


Solution: 


r—A4 


Exercise: 


Problem: A number plus seven. 


Exercise: 


Problem: A number increased by one. 
Solution: 


x+1 


Exercise: 


Problem: A number decreased by ten. 


Exercise: 


Problem: Negative seven added to some number. 
Solution: 


—7T+2 


Exercise: 


Problem: Negative nine added to a number. 


Exercise: 


Problem: A number plus the opposite of six. 


Solution: 


x + (—6) 


Exercise: 


Problem: A number minus the opposite of five. 


Exercise: 


Problem: A number minus the opposite of negative one. 


Solution: 


«—[—(-1) 


Exercise: 


Problem: A number minus the opposite of negative twelve. 


Exercise: 


Problem: Eleven added to three times a number. 


Solution: 
32+ 11 


Exercise: 


Problem: Six plus five times an unknown number. 


Exercise: 


Problem: Twice a number minus seven equals four. 


Solution: 
2x —7=—4 


Exercise: 


Problem: Ten times a quantity increased by two is nine. 


Exercise: 


Problem: 
When fourteen is added to two times a number the result is six. 


Solution: 


14+ 27% = 6 


Exercise: 


Problem: Four times a number minus twenty-nine is eleven. 


Exercise: 


Problem: Three fifths of a number plus eight is fifty. 
Solution: 

3 

= 8 = 50 

5 4 


Exercise: 


Problem: Two ninths of a number plus one fifth is forty-one. 
Exercise: 


Problem: 

When four thirds of a number is increased by twelve, the result is five. 
Solution: 

= +12=5 

3 


Exercise: 


Problem: 


When seven times a number is decreased by two times the number, the 
result is negative one. 


Exercise: 


Problem: 


When eight times a number is increased by five, the result is equal to 
the original number plus twenty-six. 


Solution: 


8x1 +5=—2+4+ 26 
Exercise: 


Problem: 


Five more than some number is three more than four times the number. 
Exercise: 


Problem: 

When a number divided by six is increased by nine, the result is one. 
Solution: 

Ab 

—+9=1 

6 


Exercise: 


Problem: A number is equal to itself minus three times itself. 


Exercise: 


Problem: A number divided by seven, plus two, is seventeen. 


Solution: 


x 
tae? cae Wh 
71 


Exercise: 


Problem: 


A number divided by nine, minus five times the number, is equal to 
one more than the number. 


Exercise: 


Problem: When two is subtracted from some number, the result is ten. 


Solution: 


z—2=—10 
Exercise: 


Problem: 


When four is subtracted from some number, the result is thirty-one. 
Exercise: 


Problem: 
Three less than some number is equal to twice the number minus six. 


Solution: 


G—=—3=2e:—6 
Exercise: 
Problem: 
Thirteen less than some number is equal to three times the number 
added to eight. 


Exercise: 


Problem: 


When twelve is subtracted from five times some number, the result is 
two less than the original number. 


Solution: 


De 12 SS 
Exercise: 
Problem: 
When one is subtracted from three times a number, the result is eight 
less than six times the original number. 
Exercise: 
Problem: 


When a number is subtracted from six, the result is four more than the 
original number. 


Solution: 


6-—x=24+4 
Exercise: 
Problem: 
When a number is subtracted from twenty-four, the result is six less 
than twice the number. 
Exercise: 
Problem: 


A number is subtracted from nine. This result is then increased by one. 
The result is eight more than three times the number. 


Solution: 


J=—2-- 136-6 
Exercise: 
Problem: 
Five times a number is increased by two. This result is then decreased 


by three times the number. The result is three more than three times the 
number. 


Exercise: 
Problem: 
Twice a number is decreased by seven. This result is decreased by four 


times the number. The result is negative the original number, minus 
Six, 


Solution: 


2x —7—4x2 = -—x2 —-6 
Exercise: 


Problem: 


Fifteen times a number is decreased by fifteen. This result is then 
increased by two times the number. The result is negative five times 
the original number minus the opposite of ten. 


Exercises for Review 


Exercise: 


8 2 
Problem: ({link}) a of what number is 


Solution: 


3 


A 
Exercise: 


21. 1% 
Problem: ({link]) Find the value of —- + —. 
40 30 


Exercise: 


1 1 1 
Problem: ({link]) Find the value of 375 + aa + 17. 


Solution: 


2 
— 
3 


Exercise: 


1 
Problem: ({link]) Convert 6.11 5 to a fraction. 


Exercise: 


3 
Problem: ({link]) Solve the equation = +1=-—-5. 


Solution: 


£==-8 


Simplifying Algebraic Expressions 

This module is from Fundamentals of Mathematics by Denny Burzynski and Wade Ellis, Jr. This module discusses 
how to solve algebraic problems. By the end of the module students should be more familiar with the five-step 
method for solving applied problems and be able to use the five-step method to solve number problems and 
geometry problems. 


Section Overview 


e The Five-Step Method 
¢ Number Problems 
e¢ Geometry Problems 


The Five Step Method 


We are now in a position to solve some applied problems using algebraic methods. The problems we shall solve 
are intended as logic developers. Although they may not seem to reflect real situations, they do serve as a basis for 
solving more complex, real situation, applied problems. To solve problems algebraically, we will use the five-step 
method. 


Strategy for Reading Word Problems 

When solving mathematical word problems, you may wish to apply the following "reading strategy." Read the 
problem quickly to get a feel for the situation. Do not pay close attention to details. At the first reading, too much 
attention to details may be overwhelming and lead to confusion and discouragement. After the first, brief reading, 
read the problem carefully in phrases. Reading phrases introduces information more slowly and allows us to 
absorb and put together important information. We can look for the unknown quantity by reading one phrase at a 
time. 

Five-Step Method for Solving Word Problems 


1. Let x (or some other letter) represent the unknown quantity. 

2. Translate the words to mathematical symbols and form an equation. Draw a picture if possible. 

3. Solve the equation. 

4. Check the solution by substituting the result into the original statement, not equation, of the problem. 
5. Write a conclusion. 


If it has been your experience that word problems are difficult, then follow the five-step method carefully. Most 
people have trouble with word problems for two reasons: 


1. They are not able to translate the words to mathematical symbols. (See [link].) 
2. They neglect step 1. After working through the problem phrase by phrase, to become familiar with the 
situation, 


INTRODUCE A VARIABLE 
Number Problems 


Sample Set A 


Example: 
What number decreased by six is five? 


Let”represent the unknown number. 
Translate the words to mathematical symbols and construct an equation. Read 
phrases. 


What number: n 


decreased by: — 
Six: O M=G=F 
is: = 
five: 5 


Solve this equation. 
n — 6 = 5 Add 6 to both sides. 
= C+ O=546 
i = il 
Check the result. 
When 11 is decreased by 6, the result is 11 — 6, which is equal to 5. The solution checks. 
The number is 11. 


Example: 
When three times a number is increased by four, the result is eight more than five times the number. 


Let® =the unknown number. 
Translate the phrases to mathematical symbols and 


construct an equation. When three times a number: 32 
is increased by: + 
four: 4 


the result is: 382 +4=524+8 


eight: 8 
more than: + 
five times the number: 5a 
32 +4=52r+ 8. Subtract3xfrom both sides. 
3x2 +4-—32 =5274+8-—32 
4=2x+8 Subtract 8 from both sides. 
4—8=2x+8-8 
—4 = 2x Divide both sides by 2. 
= = 
CheckThree—2is—6, =py4 —64+4— —2. 2is—10 Increasing—10by8results—10 + 8 = —2, TE 
this times Increasing __ results Now, in rest 
result. in five agre 
times and 
solu 
che: 


The number is—2 


Example: 
Consecutive integers have the property that if 
n = the smallest integer, then 


n+1 = the next integer, and 


n+2 = the next integer, and so on. 
Consecutive odd or even integers have the property that if 


n = the smallest integer, then 
n+2 = the next odd or even integer (since odd or even numbers differ by 2), and 
n+4 = the next odd or even integer, and so on. 


The sum of three consecutive odd integers is equal to one less than twice the first odd integer. Find the three 


integers. 


Let n = the first odd integer. Then, 
n+2 = the second odd integer, and 
n+4 = the third odd integer. 


Translate the words 
to mathematical 
symbols and 
construct an 
equation. Read 
phrases. 


The sum of: 

three consecutive odd integers: 
is equal to: 

one less than: 


twice the first odd integer: 


add some numbers 

nn+2n+4 

= a+ (n+ 2)4 
subtract 1 from 

2n 


ntn+2+n+4=2n-1 


3n+6=2n-1 Subtract2nfrom both sides. 

3n +6 — 2n = 2n—1-—2n 

n+6=-1 Subtract 6 from both sides. 

n+6—-6=-1-6 

ee — —T The first integer is -7. 

DARA = =f ba = =F The second integer is -5. 

(ae al ff th a 8} The third integer is -3. 

Check The sum of 

this the three —12 + (—3)One less than twice the first integer is 


=f (0) (3) 


2(—7) —1 = —14-—1 = —15. Since these two 
results are equal, the solution checks. 


result. integers is —15 


The three odd integers are -7, -5, -3. 


Practice Set A 


Exercise: 


Problem: When three times a number is decreased by 5, the result is -23. Find the number. 


Let? = 
Check: 
The number is. 


Solution: 


-6 
Exercise: 


Problem: 


When five times a number is increased by 7, the result is five less than seven times the number. Find the 
number. 


Let”? = 
Check: 
The number is. 


Solution: 


6 


Exercise: 


Problem: Two consecutive numbers add to 35. Find the numbers. 


Check: 
The numbers areand. 


Solution: 


17 and 18 
Exercise: 
Problem: 
The sum of three consecutive even integers is six more than four times the middle integer. Find the integers. 
Let® smallest integer.= next integer.= largest integer. 


Check: 
The integers are,, and. 


Solution: 


-8, -6, and -4 


Geometry Problems 


Sample Set B 


Example: 


The perimeter (length around) of a rectangle is 20 meters. If the length is 4 meters longer than the width, find the 
length and width of the rectangle. 


Let® =the width of the rectangle. Then,® + 4 =the length of the rectangle. 
We can draw a picture. 


x+4 The length around the rectangle is 
e +(e¢+4)4+ 2 +(¢+4)=20 
# x width length width length 


x+4 


Ar +8 = 20 Subtract 8 from both sides. 
4p == 1 Divide both sides by 4. 
B=3 Then, 
r+4=3+4=7 
Check: 
7 38+7+3+7220 
20 ~ 20 
3 3 


7 


The length of the rectangle is 7 meters.The width of the rectangle is 3 meters. 


Practice Set B 


Exercise: 


Problem: 


The perimeter of a triangle is 16 inches. The second leg is 2 inches longer than the first leg, and the third leg 


is 5 inches longer than the first leg. Find the length of each leg. 


Let® length of the first leg.= length of the second leg.= length of the third leg. 


We can draw a picture. 
Check: 
The lengths of the legs are,, and. 


Solution: 


3 inches, 5 inches, and 8 inches 


Exercises 


For the following 17 problems, find each solution using the five-step method. 
Exercise: 


Problem: What number decreased by nine is fifteen? 


Let”? =the number. 
Check: 
The number is. 


Solution: 


24 


Exercise: 


Problem: What number increased by twelve is twenty? 


n= 


Let the number. 
Check: 
The number is. 


Exercise: 


Problem: If five more than three times a number is thirty-two, what is the number? 


Let® =the number. 
Check: 
The number is. 


Solution: 


9 


Exercise: 


Problem: If four times a number is increased by fifteen, the result is five. What is the number? 


Lett = 
Check: 
The number is. 


Exercise: 


Problem: 


When three times a quantity is decreased by five times the quantity, the result is negative twenty. What is the 
quantity? 


Let® = 
Check: 
The quantity is. 


Solution: 


10 
Exercise: 


Problem: 
If four times a quantity is decreased by nine times the quantity, the result is ten. What is the quantity? 


Let¥ = 
Check: 
The quantity is. 


Exercise: 
Problem: 


When five is added to three times some number, the result is equal to five times the number decreased by 
seven. What is the number? 


Let”? = 


Check: 
The number is. 


Solution: 


6 
Exercise: 


Problem: 


When six times a quantity is decreased by two, the result is six more than seven times the quantity. What is 
the quantity? 


Let? = 


Check: 
The quantity is. 


Exercise: 
Problem: 


When four is decreased by three times some number, the result is equal to one less than twice the number. 
What is the number? 


Check: 


Solution: 


1 
Exercise: 


Problem: 


When twice a number is subtracted from one, the result is equal to twenty-one more than the number. What is 
the number? 


Exercise: 


Problem: 


The perimeter of a rectangle is 36 inches. If the length of the rectangle is 6 inches more than the width, find 
the length and width of the rectangle. 


Let’ =the width.= the length. 
We can draw a picture. 


Check: 
The length of the rectangle isinches, and the width isinches. 


Solution: 


Length=12 inches, Width=6 inches 
Exercise: 


Problem: 


The perimeter of a rectangle is 48 feet. Find the length and the width of the rectangle if the length is 8 feet 
more than the width. 


Let’ =the width.= the length. 
We can draw a picture. 


Check: 
The length of the rectangle isfeet, and the width isfeet. 


Exercise: 


Problem: The sum of three consecutive integers is 48. What are they? 
Let” =the smallest integer.= the next integer.= the next integer. 
Check: 
The three integers are,, and. 
Solution: 
15, 16, 17 

Exercise: 
Problem: The sum of three consecutive integers is -27. What are they? 
Let” =the smallest integer.= the next integer.= the next integer. 


Check: 
The three integers are,, and. 


Exercise: 


Problem: The sum of five consecutive integers is zero. What are they? 
Let”? = 
The five integers are,,,, and. 
Solution: 
-2,-1,0, 1,2 
Exercise: 
Problem: The sum of five consecutive integers is -5. What are they? 


Let? = 


The five integers are,,,, and. 


Continue using the five-step procedure to find the solutions. 
Exercise: 


Problem: 


The perimeter of a rectangle is 18 meters. Find the length and width of the rectangle if the length is 1 meter 
more than three times the width. 


Solution: 


Length is 7, width is 2 
Exercise: 
Problem: 
The perimeter of a rectangle is 80 centimeters. Find the length and width of the rectangle if the length is 2 
meters less than five times the width. 
Exercise: 
Problem: 


Find the length and width of a rectangle with perimeter 74 inches, if the width of the rectangle is 8 inches less 
than twice the length. 


Solution: 


Length is 15, width is 22 
Exercise: 
Problem: 
Find the length and width of a rectangle with perimeter 18 feet, if the width of the rectangle is 7 feet less than 
three times the length. 
Exercise: 
Problem: 
A person makes a mistake when copying information regarding a particular rectangle. The copied information 


is as follows: The length of a rectangle is 5 inches less than two times the width. The perimeter of the 
rectangle is 2 inches. What is the mistake? 


Solution: 


The perimeter is 20 inches. Other answers are possible. For example, perimeters such as 26, 32 are possible. 
Exercise: 

Problem: 

A person makes a mistake when copying information regarding a particular triangle. The copied information 


is as follows: Two sides of a triangle are the same length. The third side is 10 feet less than three times the 
length of one of the other sides. The perimeter of the triangle is 5 feet. What is the mistake? 


Exercise: 


Problem: 


The perimeter of a triangle is 75 meters. If each of two legs is exactly twice the length of the shortest leg, how 
long is the shortest leg? 


Solution: 


15 meters 
Exercise: 


Problem: 

If five is subtracted from four times some number the result is negative twenty-nine. What is the number? 
Exercise: 

Problem: If two is subtracted from ten times some number, the result is negative two. What is the number? 

Solution: 


n=0 
Exercise: 


Problem: 


If three less than six times a number is equal to five times the number minus three, what is the number? 
Exercise: 


Problem: 


If one is added to negative four times a number the result is equal to eight less than five times the number. 
What is the number? 


Solution: 


ab 


Exercise: 


Problem: Find three consecutive integers that add to -57. 


Exercise: 


Problem: Find four consecutive integers that add to negative two. 


Solution: 


-2,-1,0,1 


Exercise: 


Problem: Find three consecutive even integers that add to -24. 


Exercise: 


Problem: Find three consecutive odd integers that add to -99. 


Solution: 


-35, -33, -31 
Exercise: 


Problem: 


Suppose someone wants to find three consecutive odd integers that add to 120. Why will that person not be 
able to do it? 


Exercise: 


Problem: 


Suppose someone wants to find two consecutive even integers that add to 139. Why will that person not be 
able to do it? 


Solution: 


...because the sum of any even number (in this case, 2) o even integers (consecutive or not) is even and, 
therefore, cannot be odd (in this case, 139) 


Exercise: 


Problem: 


Three numbers add to 35. The second number is five less than twice the smallest. The third number is exactly 
twice the smallest. Find the numbers. 


Exercise: 


Problem: 


Three numbers add to 37. The second number is one less than eight times the smallest. The third number is 
two less than eleven times the smallest. Find the numbers. 


Solution: 


2, 15, 20 


Exercises for Review 
Exercise: 
Problem: ((link]) Find the decimal representation of 0.34992 + 4.32. 


Exercise: 


Problem: 


([link]) A 5-foot woman casts a 9-foot shadow at a particular time of the day. How tall is a person that casts a 
10.8-foot shadow at the same time of the day? 


Solution: 


6 feet tall 


Exercise: 


5 1 
Problem: ({link]) Use the method of rounding to estimate the sum: oe + be. 


Exercise: 


Problem: ({link]) Convert 463 mg to cg. 


Solution: 


46.3 cg 
Exercise: 


Problem: 


((link]) Twice a number is added to 5. The result is 2 less than three times the number. What is the number? 


Simplifying Algebraic Expressions Using Addition and Subtraction 

This module is from Fundamentals of Mathematics by Denny Burzynski 
and Wade Ellis, Jr. This module discusses how to combine like terms using 
addition and subtraction. By the end of the module students should be able 
to combine like terms in an algebraic expression. 


Section Overview 


e¢ Combining Like Terms 


Combining Like Terms 


From our examination of terms in [link], we know that like terms are terms 
in which the variable parts are identical. Like terms is an appropriate name 
since terms with identical variable parts and different numerical coefficients 
represent different amounts of the same quantity. When we are dealing with 
quantities of the same type, we may combine them using addition and 
subtraction. 


Simplifying an Algebraic Expression 
An algebraic expression may be simplified by combining like terms. 


This concept is illustrated in the following examples. 
1. 8 records + 5 records = 13 records. 


Eight and 5 of the same type give 13 of that type. We have combined 
quantities of the same type. 
2.8 records + 5 records + 3 tapes = 13 records + 3 tapes. 


Eight and 5 of the same type give 13 of that type. Thus, we have 13 of 
one type and 3 of another type. We have combined only quantities of 
the same type. 

3. Suppose we let the letter z represent "record." Then, 82 + 5x = 132. 
The terms 8x and 5z are like terms. So, 8 and 5 of the same type give 
13 of that type. We have combined like terms. 


4. Suppose we let the letter x represent "record" and y represent "tape." 
Then, 


82 + be ++ 3y = 132+ by 
We have combined only the like terms. 


After observing the problems in these examples, we can suggest a method 
for simplifying an algebraic expression by combining like terms. 


Combining Like Terms 
Like terms may be combined by adding or subtracting their coefficients and 
affixing the result to the common variable. 


Sample Set A 


Simplify each expression by combining like terms. 


Example: 

2m + 6m — 4m. All three terms are alike. Combine their coefficients and 
affix this result tom: 2+6—4= 4. 

Thus, 2m + 6m — 4m = 4m. 


Example: 

ox + 2y — Oy. The terms 2y and —9y are like terms. Combine their 
coefficients: 2 — 9 = —7. 

Thus, 52 --2y —9y — 52 — fy. 


Example: 
—3a + 2b —5a+a-+ 6b. The like terms are 


—3a, — 5a,a 2b, 6b 


=o al —— O_o 
—Ta 8b 


Thus, —3a + 2b — 5a+ a+ 6b= — 7a+ 8b. 


Example: 
r—28s+ 7s + 3r—4r —5s. The like terms are 


r, or, 49 — 2s, Ts, —58 
| mad Edt Et 
1+3-4=0 -2+7-5=0 


Or Os 
Or+ 0s =0 


Thus, r— 2s + 7s+ 3r—4r—5s=0. 


Practice Set A 


Simplify each expression by combining like terms. 
Exercise: 


Problem: 4z + 3x2 + 6z 


Solution: 
132 
Exercise: 


Problem: 5a + 8)b+ 6a — 2b 


Solution: 


lla + 6b 


Exercise: 


Problem: 10m — 6n —2n —-m+n 
Solution: 


9m — 7n 


Exercise: 


Problem: 16a + 6m + 2r — 3r —18a+ m— 7m 
Solution: 


=260—7 


Exercise: 


Problem: 5h — 8k + 2h — 7h+ 3k + 5k 


Solution: 


0 


Exercises 


Simplify each expression by combining like terms. 
Exercise: 


Problem: 4a + 7a 


Solution: 


lla 


Exercise: 


Problem: 3m + 5m 


Exercise: 


Problem: 


Solution: 


Ah 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


3m + 3n 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


17s—r 


Exercise: 


Problem: 


Exercise: 


Problem: 


6h — 2h 
11k — 8k 

5m + 3n — 2m 

(2 — O62 + 3y 

14s + 3s — 8r+7r 


—5m — 3n+ 2m-+ 6n 


7Th+ 3a —10k+ 6a — 2h — 5k — 3k 


Solution: 


5h + 9a — 18k 


Exercise: 


Problem: 4x7 — 8y — 32-+- «& —y—z— dy — 2z 


Exercise: 


Problem: llw + 32 — 6w — 5w-+ 8a — 1lz 


Solution: 


0 


Exercise: 


Problem: 15r — 6s + 2r+ 8s — 6r — 7s —s —2r 


Exercise: 
Problem: | —7 | m+ | 6 | m+ | —3|m 
Solution: 


16m 


Exercise: 


Problem: | —2 | z+ | —8| z+ | 10| az 


Exercise: 
Problem: (—4 + 1)k+ (6 — 3)k+ (12 —4)h+ (54+ 2)k 


Solution: 


8h + 7k 


Exercise: 


Problem: (—5 + 3)a — (2+5)b— (3+ 8)b 


Exercise: 


Problem: 5« + 2A + 3A — 8x 


Solution: 


5A — 3x 


Exercise: 


Problem:9 +10 —11 —12 


Exercise: 


Problem: 16z — 12y+ 5x + 7 — 5x2 — 16 — 3y 


Solution: 


l6z — 1by — 9 


Exercise: 


Problem: —3y + 4z — 11 — 3z — 2y+ 5 — 4(8 — 3) 


Exercises for Review 


Exercise: 


24 
Problem: ({link]) Convert aa to a mixed number 


Solution: 
2 
11 
Exercise: 


3 
Problem: ([link]) Determine the missing numerator: 8 64° 


Exercise: 


SL 
6 4 


Problem: ({link]) Simplify i 


12 
Solution: 


7 


Exercise: 


5 
Problem: ({link]) Convert 16 to a percent. 


Exercise: 


Problem: ({link]) In the expression 6k, how many k’s are there? 


Solution: 


6 


Solving Linear Equations: The Addition Property 

This module is from Fundamentals of Mathematics by Denny Burzynski and Wade Ellis, 
Jr. This module discusses how to solve equations of the form x + a = band z —a = b. 
By the end of the module students should understand the meaning and function of an 
equation, understand what is meant by the solution to an equation and be able to solve 
equations of the form z+ a= bandz—a=b. 


Section Overview 
e Equations 


¢ Solutions and Equivalent Equations 
¢ Solving Equations 


Equations 


Equation 
An equation is a statement that two algebraic expressions are equal. 


The following are examples of equations: 


zx+6 = 10 x-4 = -11 3y-—5 = -2+42y 
This This This This This This 
expression = expression expression = expression expression = expression 


Notice that z + 6, x — 4, and 3y — 5 are not equations. They are expressions. They are 
not equations because there is no statement that each of these expressions is equal to 
another expression. 


Solutions and Equivalent Equations 


Conditional Equations 

The truth of some equations is conditional upon the value chosen for the variable. Such 
equations are called conditional equations. There are two additional types of equations. 
They are examined in courses in algebra, so we will not consider them now. 


Solutions and Solving an Equation 

The set of values that, when substituted for the variables, make the equation true, are 
called the solutions of the equation. 

An equation has been solved when all its solutions have been found. 


Sample Set A 


Example: 
Verify that 3 is a solution to x + 7 = 10. 


When x = 3, 
fee ek eS AD 
becomes 3+7 = 10 
10 = 10 whichisatrue statement, verifying that 
3 isasolutionto «+ 7= 10 
Example: 
Verify that —6 is a solution to 5y + 8 = —22 
When y = —6, 
5y +8 = —22 
becomes 5(—6)+8 = —22 
—30+8 = —22 
—22 = -—22 whichisatrue statement, verifying that 
—6 is asolution to5y + 8 = —22 
Example: 
Verify that 5 is not a solution toa — 1 = 2a + 3. 
When a = 5, 


a-1l = 2a+3 
becomes 5—1 = 2-543 
5-1 = 10+3 
Ane ALS a false statement, verifying that 5 
is not asolution to a —1 = 2a+3 


Example: 
Verify that -2 is a solution to 3m — 2 = —4m — 16. 
When m = —2, 
3m—2 = —4m-—16 
becomes 3(—2)—2 = —4(—2) —16 
—6-—2 = 8-16 
—-8§ = -8 which is a true statement, verifying that 


—2 isasolution to 3m — 2 = —4m — 16 


Practice Set A 


Exercise: 


Problem: Verify that 5 is a solution tom + 6 = 11. 


Solution: 
Substitute 5 intom + 6 = 11. 


5+6211 
11411 


Thus, 5 is a solution. 


Exercise: 


Problem: Verify that —5 is a solution to 2m — 4 = —14. 


Solution: 
Substitute -5 into 2m — 4 = —14. 


2(—5) —42—-14 
—10-—42-14 
—144-14 


Thus, -5 is a solution. 


Exercise: 


Problem: Verify that 0 is a solution to 5a + 1 = 1. 


Solution: 
Substitute 0 into 5a +1= 1. 


5(0) +121 
0+121 
141 


Thus, 0 is a solution. 


Exercise: 


Problem: Verify that 3 is not a solution to —3y + 1 = 4y+ 5. 


Solution: 


Substitute 3 into —-3y +1 = 4y+5. 


—3(3) +12 4(3) +5 
—-9+1212+5 
—8#17 


Thus, 3 is not a solution. 
Exercise: 
Problem: Verify that -1 is a solution to 6m — 5+ 2m = 7m — 6. 
Solution: 
Substitute -1 into 6m — 5+ 2m = 7m — 6. 


6(—1) —5 + 2(—-1) 2 7(-1) -6 
—6—-5-22-7-6 
—13 4-13 


Thus, -1 is a solution. 


Equivalent Equations 

Some equations have precisely the same collection of solutions. Such equations are called 
equivalent equations. For example, x — 5 = —1,a+7= 11, andz = 4areall 
equivalent equations since the only solution to each is z = 4. (Can you verify this?) 


Solving Equations 
We know that the equal sign of an equation indicates that the number represented by the 


expression on the left side is the same as the number represented by the expression on the 
right side. 


This number is the same as this number 


z+i7 = 11 


xr—5 = -1 


Addition/Subtraction Property of Equality 
From this, we can suggest the addition/subtraction property of equality. 
Given any equation, 


1. We can obtain an equivalent equation by adding the same number to both sides of the 
equation. 

2. We can obtain an equivalent equation by subtracting the same number from both 
sides of the equation. 


The Idea Behind Equation Solving 

The idea behind equation solving is to isolate the variable on one side of the equation. 
Signs of operation (+, -, ‘,+) are used to associate two numbers. For example, in the 
expression 5 + 3, the numbers 5 and 3 are associated by addition. An association can be 
undone by performing the opposite operation. The addition/subtraction property of 
equality can be used to undo an association that is made by addition or subtraction. 


Subtraction is used to undo an addition. 
Addition is used to undo a subtraction. 


The procedure is illustrated in the problems of [link]. 


Sample Set B 


Use the addition/subtraction property of equality to solve each equation. 


Example: 

z2+4=6. 

4 is associated with x by addition. Undo the association by subtracting 4 from both sides. 
xz+4-4=6-4 

c£+0=2 

t= 2 

Check: When x = 2, x + 4 becomes 


2+426 
626. 


The solution tox + 4= 6isz = 2. 


Example: 

m — 8 = 5. 8 is associated with m by subtraction. Undo the association by adding 8 to 
both sides. 

Oo oie 


m+0=13 
ie = 1183 
Check: When m = 13, 
becomes 
m—-8=5 
138-825 
645 


a true statement. 
The solution tom — 8 = 5ism = 13. 


Example: 

—3—5=y-—2-+ 8. Before we use the addition/subtraction property, we should 
simplify as much as possible. 

—3—-5=y-—2+8 

a 

6 is associated with y by addition. Undo the association by subtracting 6 from both sides. 
Or Oe On 

Si eo 

—14=y 

This is equivalent to y= —14. 

Check: When y = —14, 

—3-—5=y-2+8 

becomes 


—3—5L—-14—-2+8 
—82~16+8 
—8 2-8, 


a true statement. 
The solution to —3 —5 = y—2+8isy = —14. 


Example: 
—5a+1-+ 6a = —2. Begin by simplifying the left side of the equation. 
Spe ai 
—5+6=1 
a+ 1 = —2 1 is associated with a by addition. Undo the association by subtracting 1 
from both sides. 
a+1l-1=-2-1 
at+0=—3 
C= 
Check: When a = —3, 
Soda bo Od = —=2 
becomes 


—5(—3) + 1+ 6(—3) 2 —2 
16+1-18i-2 
—-24-2 
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a true statement. 
The solution to —5a + 1+ 6a = —2isa = —3. 


Example: 
7k — 4 = 6k + 1. In this equation, the variable appears on both sides. We need to isolate 
it on one side. Although we can choose either side, it will be more convenient to choose 
the side with the larger coefficient. Since 8 is greater than 6, we’ll isolate & on the left 
side. 
7k — 4 = 6k + 1 Since 6k represents +6k, subtract 6k from each side. 
7k-—4-—-6k=6k+1-—6k 

7-6=1 6—6=0 
k — 4 = 1 4is associated with k by subtraction. Undo the association by adding 4 to both 
sides. 
k—-4+4=1+44 
= 5 
Check: When k = 5, 
7kh-4=6k+1 
becomes 


7°5-416-5+1 
35-42304+1 
31 ~ 31. 


a true statement. 
The solution to 7k -4 = 6k+1isk=5. 


Example: 

—8 + x = 5. -8 is associated with x by addition. Undo the by subtracting -8 from both 
sides. Subtracting -8 we get —(—8)=+8. We actually add 8 to both sides. 

SS EHS eh = ses. 

hie el 

Check: When « = 13 

Sila oy aad 

becomes 


—8+1325 
5 %5 


’ 


a true statement. 
The solution to -8 +2 = 5isx = 13. 


Practice Set B 


Exercise: 
Problem: y + 9 = 4 


Solution: 


a 


Exercise: 


Problem: a — 4 = 11 


Solution: 


a=15 


Exercise: 


Problem: —1+7=2+3 


Solution: 
p= 3 
Exercise: 
Problem: 8m + 4 — 7m = (—2)(-—3) 
Solution: 
m=2 
Exercise: 
Problem: 12k — 4 = 9k —6+4 2k 
Solution: 
k= —-2 
Exercise: 
Problem: —3 + a = —4 
Solution: 


a=-l 


Exercises 


For the following 10 problems, verify that each given value is a solution to the given 
equation. 
Exercise: 


Problem: z — 11 = 5, x = 16 
Solution: 


Substitute z = 4 into the equation 4z — 11 = 5. 
16-—11=5 

5=5 
x = 4is a solution. 


Exercise: 


Problem: y — 4 = —6, y = —2 


Exercise: 


Problem: 2m —1=1,m=1 
Solution: 


Substitute m = 1 into the equation 2m — 1 = 1. 


2-111 
1¥#1 


m = 1 isa solution. 


Exercise: 


Problem: 5y + 6 = —14,y = —4 


Exercise: 
Problem: 3x + 2 — 7x = —5x — 6,2 = —8 
Solution: 


Substitute z = —8 into the equation 3x + 2 — 7 = 


—24+2—7240-6 
34 ~ 34 


az = —8 is a solution. 


Exercise: 


Problem: —6a + 3+ 3a = 4a+ 7 — 3a,a = —1 
Exercise: 


Problem: —8 + z = —8,xz = 0 
Solution: 


Substitute z = 0 into the equation —8 + x = —8. 


—5x — 6. 


—-8+0i-8 
—-8i-8 


zx = Oisa solution. 


Exercise: 


Problem: 8b + 6 = 6 — 5b,b=0 


Exercise: 


L5 
Problem: 4x — 5 = 6x — 20,7 = oa 


Solution: 


15 
Substitute x = ae the equation 4z — 5 = 6a — 20. 


30 — 5 2 45 — 20 
25 ~ 25 


15. : 
a cy is a solution. 


Exercise: 


22 
Problem: —3y + 7 = 2y — 15, y = = 


Solve each equation. Be sure to check each result. 
Exercise: 


Problem: y — 6 = 5 


Solution: 
g=11 


Exercise: 


Problem: m+ 8 = 4 


Exercise: 


Problem: k — 1 = 4 
Solution: 


k=5 


Exercise: 


Problem: h — 9 = 1 


Exercise: 


Problem: a + 5 = —4 
Solution: 


a=-—9 


Exercise: 


Problem: b — 7 = —1 


Exercise: 


Problem: xz + 4—9=6 
Solution: 


z-—11 


Exercise: 


Problem: y — 8 + 10 = 2 


Exercise: 


Problem: z + 6 = 6 


Solution: 


z-—0 


Exercise: 


Problem: w — 4 = —4 


Exercise: 


Problem: x + 7 —9=6 
Solution: 
zr—8 


Exercise: 


Problem: y— 2+5=4 
Exercise: 

Problem: m + 3 — 8 = —6+2 

Solution: 

m=1 


Exercise: 


Problem: z + 10 — 8 = —8+ 10 
Exercise: 

Problem: 2+ 9=k-—8 

Solution: 

v= 19 


Exercise: 


Problem: —5+3=—h—4 
Exercise: 
Problem: 3m — 4 = 2+ 6 


Solution: 


m= 10 


Exercise: 


Problem: 5a + 6 = 4a — 8 


Exercise: 


Problem: 8b + 6 + 2b = 3b -—7+6b-—8 


Solution: 
b= -—21 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


a=-16 


Exercise: 


Problem: 


12h —1—3-—5h =2h+5h+3(—4) 


—4a +5 —-— 2a = —3a — 11 —-2a 


—9n — 2—6-+ 5n = 3n — (2)(—5) — 6n 


Calculator Exercises 


Exercise: 


Problem: y — 2.161 = 5.063 


Solution: 


y = 7.224 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


a — 44.0014 = —21.1625 


—0.362 — 0.416 = 5.63m — 4.63m 


m = —0.778 


Exercise: 


Problem: 8.078 — 9.112 = 2.106y — 1.106y 


Exercise: 


Problem: 4.23k + 3.18 = 3.23k — 5.83 


Solution: 


k = —9.01 


Exercise: 


Problem: 6.1185z — 4.0031 = 5.11852 — 0.0058 


Exercise: 


Problem: 21.63y + 12.40 — 5.09y = 6.1ly — 15.66 + 9.43y 


Solution: 


y = —28.06 


Exercise: 


Problem: 0.029a — 0.013 — 0.034 — 0.057 = —0.038 + 0.56 + 1.01a 


Exercises for Review 


Exercise: 
T7calculators 
Problem: ({link]) Is a ibeeataebe an example of a ratio or a rate? 
12students 
Solution: 
rate 


Exercise: 


3 
Problem: ([link]) Convert a to a decimal. 


Exercise: 


Problem: (({link]) 0.4% of what number is 0.014? 
Solution: 


3.5 
Exercise: 


Problem: 


([link]) Use the clustering method to estimate the sum: 89 + 93 + 206 + 198 + 91 


Exercise: 


Problem: ({link]) Combine like terms: 4x” + 8y + 12y + 9a — 2y. 


Solution: 


13z + 18y 


Solving Linear Equations: The Multiplication Property 

This module is from Elementary Algebra by Denny Burzynski and Wade Ellis, Jr. In this 
chapter, the emphasis is on the mechanics of equation solving, which clearly explains how 
to isolate a variable. The goal is to help the student feel more comfortable with solving 
applied problems. Ample opportunity is provided for the student to practice translating 
words to symbols, which is an important part of the "Five-Step Method" of solving applied 
problems (discussed in modules (<link document="m21980"/>) and (<link 
document="m21979"/>)). Objectives of this module: understand the equality property of 
addition and multiplication, be able to solve equations of the form ax = b and x/a = b. 


Overview 


e Equality Property of Division and Multiplication 
¢ Solving az = band ~ = bforz 


Equality Property of Division and Multiplication 


Recalling that the equal sign of an equation indicates that the number represented by the 
expression on the left side is the same as the number represented by the expression on the 
right side suggests the equality property of division and multiplication, which states: 


1. We can obtain an equivalent equation by dividing both sides of the equation by the 
same nonzero number, that is, ifc # 0, thena = b is equivalent to ms = 2. 


2. We can obtain an equivalent equation by multiplying both sides of the equation by 
the same nonzero number, that is, if c # 0, then a = b is equivalent to ac = be. 


We can use these results to isolate x, thus solving the equation for z. 


Example: 
Solving ax = 6 for x 


ax = 0 aisassociated with x by multiplication. 
Undo the association by dividing both sides bya. 


ale aloe alo 


“+ = 1and1is the multiplicative identity. 1-2=z 


Example: 
Solving + = bforz 


de t. This equation is equivalent to the first and is solved byz. 
ae ais associated with x by division. Undo the association 
2 by multiplying both sides bya. 
a-= = a-b 
a: Fe 100 
l-¢ = ab “= 1and1is the multiplicative identity. 1-c=z2 
x = ab This equation is equivalent to the first and is solved for x. 


Solving az = band ~ = bforz 


Example: 

Method for Solving az = band = = b 

To solve ax = b for x, divide both sides of the equation by a. 
To solve = = 6 for x, multiply both sides of the equation by a. 


Sample Set A 


Example: 
Solve 5x = 35 for z. 


5a = 35 5is associated with x by multiplication. Undo the 
association by dividing both sides by 5. 
Ss oe els 
Be age 
Ba 
SA 7 
B 
IN rote = = land 1 is multiplicative identity. 1-x2 = z. 
= 


ff = 
Check: 5(7) = 35 Isthiscorrect? 
35 = 35 Yes, thisis correct. 


4 = 5 4 is asssociated with x by division. Undo the association by 
multiplying both sides by 4. 
4-2 = 4.5 
A fe gees bes 
Le = 4 = land 1isthe multiplicative identity. 1-2 = z. 
are 
Check : ae = 5 Isthiscorrect? 
5 = 5 Yes, thisis correct. 
Example: 


Solve 2 =e On gy: 
Method (1) (Use of cancelling): 
4 a 9 is associated with y by division. Undo the association by 


multiplying both sides by 9. 


(9) (3%) = (9)(8) 


2 CS at 2 is associated with y by multiplication. Undo the 
association by dividing both sides by 2. 


Ea gate 
fi me 
y= = 
As) 
Check : 5 = 3 Isthiscorrect? 
— = 3 Isthiscorrect? 
3 = 3 Yes, thisis correct. 
Method (2) (Use of reciprocals): 
a As Since 4 = ZY, ~ is associated with y by multiplication. 
Then, Since 2 : + = 1, the multiplicative identity, we can 
(2) (2) = (3) (3) undothe associative by multiplying both sides by 3 ; 
ee Ses 
(s-a)y ay 
1 Roe a — 
y= 7 


Example: 
Solve the literal equation = =U OL a, 
for = 3b mis associated with x by division. Undo the association by 


multiplying both sides by m. 


4ax = 3bm  4aisassociated with x by multiplication. Undo the 
association by multiplying both sides by 4a. 

Adz __— 3bm 

Mo — 4a 

3bm 

oe 4a 

4a(=") 
Check : zs = 306 Isthiscorrect? 
2) 


= = 3b Isthiscorrect? 
ESA oe 3b. Isthis correct? 
b = 3b Yes, this is correct. 


Practice Set A 


Exercise: 


Problem: Solve 6a = 42 for a. 


Solution: 


a= Ff 


Exercise: 


Problem: Solve —12m = 16 for m. 


Solution: 


a 


m=-4 3 


Exercise: 


Problem: Solve ~ = —2 for y. 


Solution: 


y= —16 


Exercise: 


Problem: Solve 6.42z = 1.09 for zx. 


Solution: 


x = 0.17 (rounded to two decimal places) 


Round the result to two decimal places. 
Exercise: 


Problem: Solve 3k = 2 for k. 


Solution: 
24 
k= = 


Exercise: 


Problem: Solve a = Ad for b. 


Solution: 


__ —8cd 
b= a 


Exercise: 


Problem: Solve —. = 9rh for y. 


Solution: 
y= 12h 


Exercise: 


Problem: Solve 2k mn rae = —6n for m. 


Solution: 


—15pq 
k2 


m= 


Exercises 


In the following problems, solve each of the conditional equations. 
Exercise: 


Problem: 3x = 42 


Solution: 
z—14 


Exercise: 


Problem: 5y = 75 


Exercise: 


Problem: 6x = 48 


Solution: 
zr-—8 


Exercise: 


Problem: 8x = 56 


Exercise: 


Problem: 42% = 56 


Solution: 
a—14 


Exercise: 


Problem: 3x = 93 


Exercise: 


Problem: 


Solution: 


a= -—16 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


p=-18 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


a= —4 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


a | 


Exercise: 


Problem: 


5a = — 80 
9m = — 108 
6p = — 108 
12g = — 180 
—4a = 16 
—20xz = 100 
—6x2 = — 42 
—8m = — 40 


Exercise: 


Problem: 


Solution: 
k = —42 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 
zr—6 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 
k=]42 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


r= (68 


Exercise: 


—3k 


a|8 


iS 


N= 


w|& 


00|8 


72 


96 


126 


126 


Problem: _ = =4 


Exercise: 


Problem: 7 =5 =8 


Solution: 
m = —56 


Exercise: 


Problem: & — 47 


Exercise: 


Problem: — — 103 


Solution: 


f = —6386 


Exercise: 


Problem: 3.06m = 12.546 


Exercise: 


Problem: 5.012k = 0.30072 


Solution: 


k = 0.06 


Exercise: 


Problem: —~— = 5 


Exercise: 


Problem: —— 2.3 


Solution: 


y = 9.453 


Exercise: 


Problem: 


Exercise: 


Solution: 
5, SAO 
t= <3 


Exercise: 


Problem: 


Exercise: 


Problem: —+ 


Solution: 
SD 
h== 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


_ ir 
P= Gq 


Exercise: 


Problem: 


Exercise: 


Problem: 


4y 
7 


Solvepg = 7r forp. 


2 


Solve m*n = 2s forn. 


Solve 2.8ab = 5.6d for b. 


Solution: 


— 2d 
b= a 
Exercise: 


mnp 


Problem: Solve =;- = 4k for p. 


Exercise: 
Problem: Solve =Sab = — 5a’ forb. 
Solution: 
—_ 15e 
b= 
Exercise: 
Problem: Solve Sect = 20 for pc. 
Exercise: 
Problem: Solve "7 = —2prs fort. 
Solution: 
_ __ 3p’ 
me 
Exercise: 
Solve 
O-* rs 
A 


Problem: for C1. 


Exercise: 


Problem: Solve 2 oa = AY tor al 


Solution: 


— 2Vv 
O=% 


Exercises for Review 


Exercise: 


; : : 92%7923 \? 
Problem: ({link]) Simplify ( f ) : 


ze 
Exercise: 


Problem: 


({link]) Classify 102? — 72x as a monomial, binomial, or trinomial. State its degree 
and write the numerical coefficient of each item. 


Solution: 
binomial; 3rd degree; 10, —7 


Exercise: 


Problem: ({link]) Simplify 3a? — 2a + 4a(a+ 2). 


Exercise: 


Problem: ((link]) Specify the domain of the equation y = es: 


Solution: 


all real numbers except —7 


Exercise: 


Problem: ((link]) Solve the conditional equation x + 6 = —2. 


Solving Linear Equations by Combining Properties 

This module is from Elementary Algebra by Denny Burzynski and Wade Ellis, Jr. In this chapter, the 
emphasis is on the mechanics of equation solving, which clearly explains how to isolate a variable. 
The goal is to help the student feel more comfortable with solving applied problems. Ample 
opportunity is provided for the student to practice translating words to symbols, which is an 
important part of the "Five-Step Method" of solving applied problems (discussed in modules (<link 
document="m21980"/>) and (<link document="m21979"/>)). Objectives of this module: be able to 
identify various types of equations, understand the meaning of solutions and equivalent equations, be 
able to solve equations of the form x + a = b and x - a=b, be familiar with and able to solve literal 
equations. 


Overview 


e Types of Equations 

e Solutions and Equivalent Equations 

e Literal Equations 

¢ Solving Equations of the Form x + a= bandzx—a=b 


Types of Equations 


Identity 
Some equations are always true. These equations are called identities. Identities are equations that 
are true for all acceptable values of the variable, that is, for all values in the domain of the equation. 


5x = 52 is true for all acceptable values of z. 
y+1=y-+ Lis true for all acceptable values of y. 
2+ 5 = 7 is true, and no substitutions are necessary. 


Contradiction 
Some equations are never true. These equations are called contradictions. Contradictions are 
equations that are never true regardless of the value substituted for the variable. 


x = x + 1 is never true for any acceptable value of z. 
0 - k = 14 is never true for any acceptable value of k. 
2 = 1 is never true. 


Conditional Equation 

The truth of some equations is conditional upon the value chosen for the variable. Such equations are 
called conditional equations. Conditional equations are equations that are true for at least one 
replacement of the variable and false for at least one replacement of the variable. 


x + 6 = 11 is true only on the condition that z = 5. 
y — 7 = —1 is true only on the condition that y = 6. 


Solutions and Equivalent Equations 


Solutions and Solving an Equation 


The collection of values that make an equation true are called solutions of the equation. An equation 
is solved when all its solutions have been found. 


Equivalent Equations 

Some equations have precisely the same collection of solutions. Such equations are called 
equivalent equations. The equations 

2¢ 1.7, 2 = 6 and: = 3 

are equivalent equations because the only value that makes each one true is 3. 


Sample Set A 


Tell why each equation is an identity, a contradiction, or conditional. 


Example: 
The equation x — 4 = 6 is a conditional equation since it will be true only on the condition that 
as NUN 


Example: 


The equation x — 2 = x — 2 is an identity since it is true for all values of x. For example, 
fe a 52, eS Pb Dis true 


Be SO IE 


Example: 
The equation a + 5 = a+ 1 is a contradiction since every value of a produces a false statement. 


For example, 
ifa = 8, 8+5 = 8+1isfalse 


ifa = -—2, —-2+5 = —2+1isfalse 


Practice Set A 


For each of the following equations, write "identity," "contradiction," or "conditional." If you can, 
find the solution by making an educated guess based on your knowledge of arithmetic. 
Exercise: 


Problem: z + 1 = 10 


Solution: 


conditional, x = 9 


Exercise: 


Problem: y — 4 = 7 
Solution: 
conditional, y = 11 


Exercise: 


Problem: 5a = 25 


Solution: 
conditional, a = 5 


Exercise: 


Problem: z =9 


Solution: 
conditional, x = 36 


Exercise: 


Problem: 8 =6 


Solution: 
conditional, b = 3 
Exercise: 
Problem: y — 2 = y — 2 
Solution: 
identity 
Exercise: 
Problem: z + 4 = xz — 3 
Solution: 
contradiction 


Exercise: 


Problem: « + «+ x2 = 32 


Solution: 
identity 
Exercise: 
Problem: 8x = 0 
Solution: 
conditional, x = 0 
Exercise: 
Problem: m — 7 = —5 
Solution: 


conditional, m = 2 


Literal Equations 


Literal Equations 
Some equations involve more than one variable. Such equations are called literal equations. 


An equation is solved for a particular variable if that variable alone equals an expression that does 
not contain that particular variable. 
The following equations are examples of literal equations. 


1. y = 2x + 7. It is solved for y. 

2. d = rt. It is solved for d. 

3. I = prt. It is solved for I. 

4.z= =. It is solved for z. 

5.y + 1 = 2 + 4. This equation is not solved for any particular variable since no variable is 
isolated. 


Solving Equation of the form z + a = bandz-—a=b 


Recall that the equal sign of an equation indicates that the number represented by the expression on 
the left side is the same as the number represented by the expression on the right side. 


This isthe this 


number sameas number 


+ 1 1 
x = 6 
z+2 = 8 
z-—1 5 


This suggests the following procedures: 


1. We can obtain an equivalent equation (an equation having the same solutions as the original 
equation) by adding the same number to both sides of the equation. 

2. We can obtain an equivalent equation by subtracting the same number from both sides of the 
equation. 


We can use these results to isolate x, thus solving for zx. 


Example: 
Solving z + a = b for x 

BP a= = <b The ais associated with x by addition. Undo the association 
xz+a-—a = b-—a bysubtracting a from both sides. 

z+0 = b-—a a—a=Oand Dis the additive identity. z +0 =z. 

xz = b-—a Thisequation is equivalent to the first equation, and it is 
solved for x. 

Example: 
Solving z — a = bfor x 

=a = b The a is associated with x by subtraction. Undo the association 


x—-a+t+a = b+a byadding ato both sides. 
z+0 = b+a -—a+a= O0and 0is the additive identity.z +0 =z. 
xz = b+a Thisequation is equivalent to the first equation, and it is 


solved for z. 


Example: 

Method for Solving z + a = band z —a = b for z 

To solve the equation z + a = b for z, subtract a from both sides of the equation. 
To solve the equation z — a = b for z, add a to both sides of the equation. 


Sample Set B 


Example: 
Solve x + 7 = 10 for z. 


De eG 7 is associated with zx by addition. Undo the association 
x+7—7 = 10—7 bysubtracting 7 from both sides. 
z+0 = 3 7 — 7 = Oand Ois the additive identity. r+0= 2. 
ee x isisolated, and the equation x = 3 is equivalent to the 


original equation x + 7 = 10. Therefore, these two 
equation have the same solution. The solution to z = 3 


is clearly 3. Thus, the solution to x + 7 = 10isalso 3. 
Check: Substitute 3 for z in the original equation. 


stn ames 0) 
3+7 = 10 Isthiscorrect? 
10 = 10 Yes, this is correct. 
Example: 
Solve m.— 2 — —9 tor m, 
a 2 is associated with m by subtraction. Undo the association 
m—2+2 = -9+42 byadding 2 from both sides. 
ae) = Se —2 +2 =0and Oisthe additiveidentity. m+ 0 =m. 
m= —-7 


Check: Substitute —7 for m in the original equation. 


ee 
—7—2 = -—9 Isthiscorrect? 
—9 = -9 Yes, thisis correct. 
Example: 
Solve y— 2.181 — —16.915 fory. 
y—2.181 = —16.915 
y — 2.1814 2.181 = —16.915+4 2.181 


y = —14.734 


On the Calculator 


Type 16.915 
Press +/- 
Press AG 
Type 2.181 
Press | = | 


Display reads: —14.734 


Example: 
Solve y + m = sg for y. 

ga mis associated with y by addition. Undo the association 
ytm—m = s—m bysubtracting m from both sides. 


yt+0 = s—m m—m= Oand Oisthe additive identity. y+0= y. 
y = s—m 
Check: Substitute s — m for y in the original equation. 


ytm= s 
s—-mit+m = s Is this correct? 
s = s True Yes, thisis correct. 
Example: 
Solve k — 3h = —8h + 5 for k. 
k-—3h = -8h+5 3h is associated with k by subtraction. Undo the association 
k—3h+3h = —-8h+5+3hA by adding 3h to both sides. 
k+0 = —-5h+5 —3h + 3h = Oand Ois the additive identity. k +0 =k. 
k = —5h+5 


Practice Set B 


Exercise: 


Problem: Solve y — 3 = 8 for y. 


Solution: 


al 


Exercise: 


Problem: Solve x + 9 = —4 forz. 


Solution: 
z=-13 
Exercise: 
Problem: Solve m+ 6 = Oform. 
Solution: 


m= —6 


Exercise: 


Problem: Solve g — 7.2 = 1.3 for g. 


Solution: 
g= 8.5 
Exercise: 
Problem: solve f + 2d = 5d for f. 


Solution: 
f=sd 
Exercise: 
Problem: Solve x + 8y = 2y — 1forz. 
Solution: 


£=-—by—1 


Exercise: 


Problem: Solve y+ 42 — 1 = 5x + 8 for y. 
Solution: 


y=x+9 


Exercises 


For the following problems, classify each of the equations as an identity, contradiction, or conditional 
equation. 
Exercise: 


Problem: m + 6 = 15 
Solution: 


conditional 


Exercise: 


Problem: y — 8 = —12 
Exercise: 

Problem: x +1=2z+1 

Solution: 

identity 


Exercise: 


Problem: k —2=—k—3 
Exercise: 
Problem: g + g9+9+9= 49 
Solution: 
identity 
Exercise: 


Problem: z + 1 = 0 


For the following problems, determine which of the literal equations have been solved for a variable. 
Write "solved" or "not solved." 
Exercise: 


Problem: y = 3x + 7 


Solution: 


solved 


Exercise: 


Problem: m = 2k+n—1 


Exercise: 


Problem: 4a = y — 6 
Solution: 


not solved 


Exercise: 


Problem: hk = 2k +h 


Exercise: 


Problem: 2a = a+ 1 


Solution: 


not solved 


Exercise: 


Problem: 5m = 2m — 7 


Exercise: 


Problem: m = ™ 
Solution: 


not solved 


For the following problems, solve each of the conditional equations. 
Exercise: 


Problem: h — 8 = 14 


Exercise: 


Problem: k + 10 = 1 
Solution: 


k= —9 


Exercise: 


Problem: m — 2 = 5 


Exercise: 


Problem: y + 6 = —11 


Solution: 
ag 


Exercise: 


Problem: y — 8 = —1 


Exercise: 


Problem: z + 14 =0 


Solution: 
x—-—14 


Exercise: 


Problem: m — 12 = 0 


Exercise: 


Problem: g + 164 = —123 


Solution: 
g = —287 


Exercise: 


Problem: h — 265 = —547 


Exercise: 


Problem: xz + 17 = —426 
Solution: 


x = —443 


Exercise: 


Problem: h — 4.82 = —3.56 


Exercise: 


Problem: y + 17.003 = —1.056 


Solution: 


y = —18.059 


Exercise: 


Problem: k + 1.0135 = —6.0032 


Exercise: 


Problem: Solve n + m = 4 forn. 
Solution: 


n=4—-—m 


Exercise: 


Problem: Solve P + 3Q — 8 = Ofor P. 


Exercise: 


Problem: Solve a + b — 3c = d — 2f forb. 


Solution: 


b= -a+3c+d —2f 


Exercise: 


Problem: Solve x — 3y+ 5z+1 = 2y—7z+ 8forz. 


Exercise: 


Problem: Solve 4a — 2b + c+ 11 = 6a — 5dforc. 


Solution: 


c= 2a— 36-11 
Exercises for Review 
Exercise: 


Problem: ((link]) Simplify (4x5y?)°. 


Exercise: 


Problem: ({link]) Write hee so that only positive exponents appear. 


Solution: 


4y* 
ro 


Exercise: 


Problem: 


({link]) Write the number of terms that appear in the expression 52? + 22 — 6 + (a + b), and 
then list them. 


Exercise: 
Problem: ((link]) Find the product. (32 — 1)”. 
Solution: 


9x? —6r +1 


Exercise: 


Problem: ([link]) Specify the domain of the equation y = 


Solving Linear Equations and Inequalities 

<para>This module is from <link document="col10614">Elementary 
Algebra</link> by Denny Burzynski and Wade Ellis, Jr.</para> This 
module is from Elementary Algebra by Denny Burzynski and Wade Ellis, 
Jr. In this chapter, the emphasis is on the mechanics of equation solving, 
which clearly explains how to isolate a variable. The goal is to help the 
student feel more comfortable with solving applied problems. Ample 
opportunity is provided for the student to practice translating words to 
symbols, which is an important part of the "Five-Step Method" of solving 
applied problems (discussed in modules (<link document="m21980"/>) and 
(<link document="m21979"/>)). Objectives of this module: be able to 
identify the solution of a linear equation in two variables, know that 
solutions to linear equations in two variables can be written as ordered 
pairs. 


Overview 


e Solutions to Linear Equations in Two Variables 
e Ordered Pairs as Solutions 


Solutions to Linear Equations in Two Variables 


Solution to an Equation in Two Variables 

We have discovered that an equation is a mathematical way of expressing 
the relationship of equality between quantities. If the relationship is 
between two quantities, the equation will contain two variables. We say that 
an equation in two variables has a solution if an ordered pair of values can 
be found such that when these two values are substituted into the equation a 
true statement results. This is illustrated when we observe some solutions to 
the equation y = 2x + 5. 


l.c=4,y=13; — since 13 = 2(4) + 5istrue. 
2.c=1,y=7; — since7 = 2(1) + 5istrue. 
3.2=0,y=5; — sinced = 2(0) + Sistrue. 


4.2 =-—6,y=-7; since —7 = 2(—6) + 5istrue. 


Ordered Pairs as Solutions 


It is important to keep in mind that a solution to a linear equation in two 
variables is an ordered pair of values, one value for each variable. A 
solution is not completely known until the values of both variables are 
specified. 


Independent and Dependent Variables 

Recall that, in an equation, any variable whose value can be freely assigned 
is said to be an independent variable. Any variable whose value is 
determined once the other value or values have been assigned is said to be a 
dependent variable. If, in a linear equation, the independent variable is x 
and the dependent variable is y, and a solution to the equation is z = a and 
y = 5, the solution is written as the 


ORDERED PAIR (a, b) 


Ordered Pair 

In an ordered pair, (a, b), the first component, a, gives the value of the 
independent variable, and the second component, b, gives the value of the 
dependent variable. 


(a, b) 


Value of the a) en of the 


independent variable/ \, dependent variable 


Pirst component Second component 


We can use ordered pairs to show some solutions to the equation 
y = 62 — 7. 


Example: 

(0, —7). 

If c = 0 and y = —7, we get a true statement upon substitution and 
computataion. 


Yo =/6L = 7 
—7 6(0)— 7  Isthis correct? 
—7 = -T7 Yes, this is correct. 


Example: 

(8, 41). 

If c = 8 and y = 41, we get a true statement upon substitution and 
computataion. 


y = 62-7 
41 = 6(8)—7 Isthiscorrect? 
41 = 48-7 Is this correct? 
4) = 41 Yes, this is correct. 
Example: 
(—4, — 31). 
If ¢ = —4 and y = —31, we get a true statement upon substitution and 
computataion. 
y = 62-7 
—31 = 6(—4)-—7 | Isthiscorrect? 
—31 = -24-7 Is this correct? 
—31 = —-31 Yes, this is correct. 


These are only three of the infintely many solutions to this equation. 


Sample Set A 


Find a solution to each of the following linear equations in two variables 
and write the solution as an ordered pair. 


Example: 
i= Oe 0, leo! 
Substitute 1 for x, compute, and solve for y. 
y = 3(1) —6 
— 3-6 
— —3 
Hence, one solution is (1, — 3). 


Example: 
y = 15 — 4a, if = —10 
Substitute —10 for x, compute, and solve for y. 
y = 15 — 4(-10) 
= 15+ 40 
= 55 
Hence, one solution is (—10, 55). 


Example: 

b= —-9a+ 21, ifa=2 

Substitute 2 for a, compute, and solve for b. 
b = —9(2) + 21 


= —1Se> 21 
—o 
Hence, one solution is (2, 3). 


Example: 


pre 2p Weta 0) 
Substitute 0 for x, compute, and solve for y. 


5(0)-—2y = 1 
Qe. 1 
a ee 1 
y= -5 
Hence, one solution is (0, — s). 


Practice Set A 


Find a solution to each of the following linear equations in two variables 
and write the solution as an ordered pair. 
Exercise: 


Problem: y = 7x — 20, ifx = 3 


Solution: 


(3, 1) 


Exercise: 
Problem: m = —6n + 1, ifn = 2 
Solution: 
(2, = 11) 

Exercise: 
Problem: b = 3a — 7, ifa = 0 
Solution: 


(0, _ 7) 


Exercise: 


Problem: 10x — 5y — 20 = 0, ifx = —8 
Solution: 


(—8, — 20) 


Exercise: 


Problem: 3a + 2b+ 6 = 0, ifa = —1 


Solution: 
(lea 


Exercises 


For the following problems, solve the linear equations in two variables. 
Exercise: 


Problem: y = 8z + 14, if =1 
Solution: 


(1,22) 


Exercise: 


Problem: y = —2x +1, ifx =0 


Exercise: 
Problem: y = 5z + 6, ife =4 


Solution: 


(4, 26) 


Exercise: 


Problem: z + y = 7, ifx = 8 


Exercise: 
Problem: 3z + 4y = 0, ifx = —3 


Solution: 


(—3, 7) 


Exercise: 


Problem: —2z + y = 1, ifx = a 


Exercise: 


Problem: 5z — 3y + 1=0, ifx = —6 


Solution: 


(-6,-2) 


Exercise: 


Problem: —42z — 4y = 4, ify=7 


Exercise: 
Problem: 2x + 6y = 1, ify =0 


Solution: 


(5,0) 


Exercise: 


Problem: —z — y = 0, ify = x 
Exercise: 

Problem: y = z, ifx = 1 

Solution: 


(1, 1) 


Exercise: 


Problem: z + y = 0, ifx = 0 


Exercise: 
Problem: y + 3 = pe et + 


Solution: 


(72) 


Exercise: 


Problem: y + 17 = a, ifx = —12 


Exercise: 


Problem: —20y + 14x = 1, ifx = 8 


Solution: 


(8, 0) 


Exercise: 


Problem: =y + 7x = + ifx = —3 


Exercise: 
Problem: re +y=-9, ify=-1 


Solution: 


(—40, —1) 


Exercise: 


Problem: y+ 7 — zx = 0, ifz = 


w 
Exercise: 


Problem: 2x + 3ly —3=0, ifvt=a 


Solution: 


(a, “s*) 


Exercise: 


Problem: 436z + 189y = 881, if x = —4231 


Exercise: 
Problem: y = 6(x — 7), ifx = 2 


Solution: 


(2, —30) 


Exercise: 


Problem: y = 2(4z + 5), ifa = —1 


Exercise: 
Problem: 5y = 9(a — 3), ifx = 2 


Solution: 


(2,—5) 


Exercise: 


Problem: 3y = 4(4¢ + 1), ife = —3 


Exercise: 
Problem: —2y = 3(2z — 5), ifx = 6 


Solution: 


(6-2) 


Exercise: 


Problem: —8y = 7(8x + 2), ifx =0 
Exercise: 

Problem: b = 4a — 12, ifa = —7 

Solution: 


(—7, —40) 


Exercise: 


Problem: b = —5a + 21, ifa = —9 


Exercise: 


Problem 


:4b—6=2a+1, ifa=0 


Solution: 


(0, 7) 


Exercise: 


Problem 


Exercise: 


Problem 


>—-5m+1ll=n+1,ifn=4 


:3(¢+ 2) =4(s—9), ifs=1 


Solution: 


(1,—y) 


Exercise: 


Problem 


Exercise: 


Problem 


: 7(¢ —6) = 10(2 — s), ifs =5 


y= 09-bit eH 1 


Solution: 


(1,5) 


Exercise: 


Problem 


Exercise: 


Problem 


:2y = Ox — 11, ifx = —7 


>:—-y= 02+ 10, ifx =3 


Solution: 


(3, —10) 


Exercise: 


Problem: —5y = Ox — 1, ifx = 0 


Exercise: 


Problem: y = 0(z — 1) + 6, if = 1 
Solution: 


(1, 6) 


Exercise: 


Problem: y = 0(32 + 9) — 1, ifa = 12 


Calculator Problems 


Exercise: 


Problem: 


An examination of the winning speeds in the Indianapolis 500 
automobile race from 1961 to 1970 produces the equation 

y = 1.93x + 137.60, where x is the number of years from 1960 and y 
is the winning speed. Statistical methods were used to obtain the 
equation, and, for a given year, the equation gives only the 
approximate winning speed. Use the equation y = 1.93x + 137.60 to 
find the approximate winning speed in 


a. 1965 
b. 1970 


c. 1986 
d.. 1990 


Solution: 


5, 147.25) 
10, 156.9) 
26, 187.78) 
30, 195.5) 


(a) Approximately 147 mph using 
(b) Approximately 157 mph using 
(c) Approximately 188 mph using 
(d) Approximately 196 mph using 


Exercise: 


Problem: 


In electricity theory, Ohm’s law relates electrical current to voltage by 
the equation y = 0.000822, where z is the voltage in volts and y is the 
current in amperes. This equation was found by statistical methods and 
for a given voltage yields only an approximate value for the current. 
Use the equation y = 0.00082z to find the approximate current for a 
voltage of 


a. 6 volts 
b. 10 volts 


Exercise: 


Problem: 


Statistical methods have been used to obtain a relationship between the 
actual and reported number of German submarines sunk each month 
by the U.S. Navy in World War II. The equation expressing the 
approximate number of actual sinkings, y, for a given number of 
reported sinkings, x, is y = 1.042 + 0.76. Find the approximate 
number of actual sinkings of German submarines if the reported 
number of sinkings is 

a. 4 
b.9 


c. 10 


Solution: 


(a) Approximately 5 sinkings using (4, 4.92) 
(b) Approximately 10 sinkings using (9, 10.12) 
(c) Approximately 11 sinkings using (10, 11.16) 


Exercise: 


Problem: 


Statistical methods have been used to obtain a relationship between the 
heart weight (in milligrams) and the body weight (in milligrams) of 
10-month-old diabetic offspring of crossbred male mice. The equation 
expressing the approximate body weight for a given heart weight is 

y = 0.2132 — 4.44. Find the approximate body weight for a heart 
weight of 


a. 210 mg 
b. 245 mg 


Exercise: 


Problem: 


Statistical methods have been used to produce the equation 

y = 0.176x — 0.64. This equation gives the approximate red blood 
cell count (in millions) of a dog’s blood, y, for a given packed cell 
volume (in millimeters), x. Find the approximate red blood cell count 
for a packed cell volume of 


a. 40 mm 
b. 42 mm 


Solution: 


(a) Approximately 6.4 using (40, 6.4) 
(b) Approximately 4.752 using (42, 7.752) 


Exercise: 


Problem: 


An industrial machine can run at different speeds. The machine also 
produces defective items, and the number of defective items it 
produces appears to be related to the speed at which the machine is 
running. Statistical methods found that the equation y = 0.732 — 0.86 
is able to give the approximate number of defective items, y, for a 
given machine speed, x. Use this equation to find the approximate 
number of defective items for a machine speed of 

a. 9 
10 Fant We 


Exercise: 


Problem: 


A computer company has found, using statistical techniques, that there 
is a relationship between the aptitude test scores of assembly line 
workers and their productivity. Using data accumulated over a period 
of time, the equation y = 0.89” — 41.78 was derived. The x 
represents an aptitude test score and y the approximate corresponding 
number of items assembled per hour. Estimate the number of items 
produced by a worker with an aptitude score of 


a. 80 
b. 95 


Solution: 


(a) Approximately 29 items using (80, 29.42) 
(b) Approximately 43 items using (95, 42.77) 


Exercise: 


Problem: 


Chemists, making use of statistical techniques, have been able to 
express the approximate weight of potassium bromide, W, that will 
dissolve in 100 grams of water at T’ degrees centigrade. The equation 
expressing this relationship is W = 0.52T + 54.2. Use this equation 
to predict the potassium bromide weight that will dissolve in 100 
grams of water that is heated to a temperature of 


a. 70 degrees centigrade 
b. 95 degrees centigrade 


Exercise: 


Problem: 


The marketing department at a large company has been able to express 
the relationship between the demand for a product and its price by 
using statistical techniques. The department found, by analyzing 
studies done in six different market areas, that the equation giving the 
approximate demand for a product (in thousands of units) for a 
particular price (in cents) is y= —14.15a + 257.11. Find the 
approximate number of units demanded when the price is 


a S012 
b. $0.15 


Solution: 


(a) Approximately 87 units using (12, 87.31) 
(b) Approximately 45 units using (15, 44.86) 


Exercise: 


Problem: 

The management of a speed-reading program claims that the 
approximate speed gain (in words per minute), G, is related to the 
number of weeks spent in its program, W, is given by the equation 
G = 26.68W — 7.44. Predict the approximate speed gain for a 
student who has spent 


a. 3 weeks in the program 
b. 10 weeks in the program 


Exercises for Review 


Exercise: 
Problem: ([link]) Find the product. (4% — 1)(3a + 5). 


Solution: 


122? +17x —5 


Exercise: 


Problem: ({link]) Find the product. (54 + 2)(5x — 2). 


Exercise: 


Problem: ([link]) Solve the equation 6[2(a — 4) + 1] = 3[2(a — 7)]. 
Solution: 


r=) 


Exercise: 


Problem: ([link]) Solve the inequality —3a — (a — 5) > a+ 10. 


Exercise: 


Problem: 
({link]) Solve the compound inequality —1 < 4y+ 11 < 27. 
Solution: 


—3<y<4 


Introduction to Graphing 

This module is from Elementary Algebra by Denny Burzynski and Wade Ellis, Jr. In this chapter the 
student is shown how graphs provide information that is not always evident from the equation alone. 
The chapter begins by establishing the relationship between the variables in an equation, the number of 
coordinate axes necessary to construct its graph, and the spatial dimension of both the coordinate 
system and the graph. Interpretation of graphs is also emphasized throughout the chapter, beginning 
with the plotting of points. The slope formula is fully developed, progressing from verbal phrases to 
mathematical expressions. The expressions are then formed into an equation by explicitly stating that a 
ratio is a comparison of two quantities of the same type (e.g., distance, weight, or money). This 
approach benefits students who take future courses that use graphs to display information. The student 
is shown how to graph lines using the intercept method, the table method, and the slope-intercept 
method, as well as how to distinguish, by inspection, oblique and horizontal/vertical lines. Objectives 
of this module: be familiar with the plane, know what is meant by the coordinates of a point, be able to 
plot points in the plane. 


Overview 


e The Plane 
e Coordinates of a Point 
e Plotting Points 


The Plane 


Ordered Pairs 

We are now interested in studying graphs of linear equations in two variables. We know that solutions 
to equations in two variables consist of a pair of values, one value for each variable. We have called 
these pairs of values ordered pairs. Since we have a pair of values to graph, we must have a pair of 
axes (number lines) upon which the values can be located. 


Origin 
We draw the axes so they are perpendicular to each other and so that they intersect each other at their 
O/s. This point is called the origin. 


Rectangular Coordinate System 
These two lines form what is called a rectangular coordinate system. They also determine a plane. 


xry-plane 
A plane is a flat surface, and a result from geometry states that through any two intersecting lines (the 
axes) exactly one plane (flat surface) may be passed. If we are dealing with a linear equation in the two 


variables z and y, we sometimes say we are graphing the equation using a rectangular coordinate 
system, or that we are graphing the equation in the zy-plane. 


Quadrant 

Notice that the two intersecting coordinate axes divide the plane into four equal regions. Since there 
are four regions, we call each one a quadrant and number them counterclockwise using Roman 
numerals. 


Ill IV 


Recall that when we first studied the number line we observed the following: 


For each real number there exists a unique point on the number line, and for each point on the number 
line we can associate a unique real number. 


We have a similar situation for the plane. 


For each ordered pair (a, 6), there exists a unique point in the plane, and to each point in the plane we 
can associate a unique ordered pair (a, 6) of real numbers. 


Coordinates of a Point 


Coordinates of a Point 

The numbers in an ordered pair that are associated with a particular point are called the coordinates of 
the point. The first number in the ordered pair expresses the point’s horizontal distance and direction 
(left or right) from the origin. The second number expresses the point’s vertical distance and direction 
(up or down) from the origin. 


The Coordinates Determine Distance and Direction 
A positive number means a direction to the right or up. A negative number means a direction to the 
left or down. 


I This point is located 
|_| 2 units to the left of 
| the origin and 3 units 
up from the origin. 


Plotting Points 


Since points and ordered pairs are so closely related, the two terms are sometimes used 
interchangeably. The following two phrases have the same meaning: 


1. Plot the point (a, b). 
2. Plot the ordered pair (a, b). 


Plotting a Point 
Both phrases mean: Locate, in the plane, the point associated with the ordered pair (a, b) and draw a 
mark at that position. 


Sample Set A 


Example: 

Plot the ordered pair (2, 6). 

We begin at the origin. The first number in the ordered pair, 2, tells us we move 2 units to the right ( 
+2 means 2 units to the right) The second number in the ordered pair, 6, tells us we move 6 units up ( 
+6 means 6 units up). 


Practice Set A 


Exercise: 


Problem: Plot the ordered pairs. 


(1, 3), (4, —5), (0, 1), (—4, 0). 


Solution: 


(Notice that the dotted lines on the graph are only for illustration and should not be included when 
plotting points.) 


Exercises 


Exercise: 


Plot the following ordered pairs. (Do not draw the arrows as in Practice Set A.) 
Problem: (8, 2), (10, — 3), (-3, 10), (0, 5), (5, 0), (0, 0), (eG a 3). 


Solution: 


Exercise: 


Problem: 


As accurately as possible, state the coordinates of the points that have been plotted on the 
following graph. 


Exercise: 


Problem: Using ordered pair notation, what are the coordinates of the origin? 
Solution: 


Coordinates of the origin are (0, 0). 
Exercise: 


Problem: 


We know that solutions to linear equations in two variables can be expressed as ordered pairs. 
Hence, the solutions can be represented as points in the plane. Consider the linear equation 

y = 2a — 1. Find at least ten solutions to this equation by choosing x-values between —4 and 5 
and computing the corresponding y-values. Plot these solutions on the coordinate system below. 
Fill in the table to help you keep track of the ordered pairs. 


Keeping in mind that there are infinitely many ordered pair solutions to y = 2x — 1, speculate on 
the geometric structure of the graph of all the solutions. Complete the following statement: 


The name of the type of geometric structure of the graph of all the solutions to the linear equation 
y = 2x — 1 seems to be 


Where does this figure cross the y-axis? Does this number appear in the equation y = 2x2 — 1? 


Place your pencil at any point on the figure (you may have to connect the dots to see the figure 
clearly). Move your pencil exactly one unit to the right (horizontally). To get back onto the figure, 
you must move your pencil either up or down a particular number of units. How many units must 
you move vertically to get back onto the figure, and do you see this number in the equation 
y=2xr-1? 


Exercise: 


Consider the zy-plane. 
Problem: 


Complete the table by writing the appropriate inequalities. 


I II Il IV 
z>0 z<0 x x 
y>0 y y y 


In the following problems, the graphs of points are called scatter diagrams and are frequently 
used by statisticians to determine if there is a relationship between the two variables under 
consideration. The first component of the ordered pair is called the input variable and the second 
component is called the output variable. Construct the scatter diagrams. Determine if there 
appears to be a relationship between the two variables under consideration by making the 
following observations: A relationship may exist if 


a. aS one variable increases, the other variable increases 
b. as one variable increases, the other variable decreases 


Solution: 
I II Ill IV 
xz>0 z<0O z<0 z>0 
y>O y>0 y<0 y<0 
Exercise: 
Problem: 


A psychologist, studying the effects of a placebo on assembly line workers at a particular 
industrial site, noted the time it took to assemble a certain item before the subject was given the 
placebo, x, and the time it took to assemble a similar item after the subject was given the placebo, 
y. The psychologist's data are 


10 8 
12 9 
11 9 
10 7 
14 11 
15 12 
13 10 


10 11 12 13 14 15 . 


Exercise: 
Problem: 
The following data were obtained in an engineer’s study of the relationship between the amount 


of pressure used to form a piece of machinery, x, and the number of defective pieces of machinery 
produced, y. 


x y 
50 0 
60 1 


65 2 


70 3 


80 4 
70 5 
90 5 
100 5 


50 60 70 80 90 100 


Solution: 


Yes, there does appear to be a relation. 


(70,5) (90, 5) 
e e he 
(100, 5) 


e 
(70,3), (80.4) 
(65, 2), 


(60, 1), 
(50, 0) 


50 60 70 80 90 100 


Fe wo wo fk oO DD 


Exercise: 


Problem: 


The following data represent the number of work days missed per year, x, by the employees of an 
insurance company and the number of minutes they arrive late from lunch, y. 


1 3 
6 4 
2 2 
v) 3 
3 1 
1 4 
4 4 
6 3 
5 2 
6 1 


Exercise: 


Problem: 


A manufacturer of dental equipment has the following data on the unit cost (in dollars), y, of a 
particular item and the number of units, x, manufactured for each order. 


12345678910 * 


Solution: 


Yes, there does appear to be a relation. 


85 


92 


99 


91 


100 


87 


105 


111 


114 


116 ° (8, 114) 
° (8, 111) 
110 


105 e (6, 105) 


100 «(4, 100) 
*(5, 99) 


95 
. (3, 92) 
e (3, 91) 


e(1, 87) 
85 e(1, 85) 


123 45 6 7 8 9 10 


Exercises for Review 


Exercise: 


é . : 182%y° \° 
Problem: ({link]) Simplify ( eet ) 


Exercise: 


Problem: 


({link]) Supply the missing word. An is a statement that two algebraic expressions are equal. 


Solution: 
equation 


Exercise: 


Problem: ({link]) Simplify the expression 5ry(ay — 2x + 3y) — 2xy(3xy — 4x) — 15ay’. 
Exercise: 


Problem: 


({link]) Identify the equation x + 2 = x + 1 as an identity, a contradiction, or a conditional 
equation. 


Solution: 


contradiction 
Exercise: 
Problem: 


({link]) Supply the missing phrase. A system of axes constructed for graphing an equation is 
calleda. 


Finding the Equation of a Line 

This module is from Elementary Algebra by Denny Burzynski and Wade Ellis, Jr. In this 
chapter the student is shown how graphs provide information that is not always evident 
from the equation alone. The chapter begins by establishing the relationship between the 
variables in an equation, the number of coordinate axes necessary to construct its graph, 
and the spatial dimension of both the coordinate system and the graph. Interpretation of 
graphs is also emphasized throughout the chapter, beginning with the plotting of points. 
The slope formula is fully developed, progressing from verbal phrases to mathematical 
expressions. The expressions are then formed into an equation by explicitly stating that 
a ratio is a comparison of two quantities of the same type (e.g., distance, weight, or 
money). This approach benefits students who take future courses that use graphs to 
display information. The student is shown how to graph lines using the intercept 
method, the table method, and the slope-intercept method, as well as how to distinguish, 
by inspection, oblique and horizontal/vertical lines. Objectives of this module: be able to 
find the equation of a line using either the slope-intercept form or the point-slope form 
of a line. 


Overview 


e The Slope-Intercept and Point-Slope Forms 


The Slope-Intercept and Point-Slope Forms 


In the pervious sections we have been given an equation and have constructed the line to 
which it corresponds. Now, however, suppose we're given some geometric information 
about the line and we wish to construct the corresponding equation. We wish to find the 
equation of a line. 


yp! We can find the equation 
L2—-Ly 


We know that the formula for the slope of a line ism = 


of a line using the slope formula in either of two ways: 


Example: 

If we’re given the slope, m, and any point (a1, y1) on the line, we can substitute this 
information into the formula for slope. 

Let (21, y1) be the known point on the line and let (x, y) be any other point on the line. 
Then 


ma 24 Multiply both sides byx — 71. 


L-Ly 
y-Y1 
m(x = ei) = L 1) : <4 
E72 
mez—2#1) = y-y1 For convenience, we’ll rewrite the equation. 


y-y1 = m(x— 2) 
Since this equation was derived using a point and the slope of a line, it is called the 
point-slope form of a line. 


Example: 
If we are given the slope, m, y-intercept , (0,6), we can substitute this information 


into the formula for slope. 

Let (0, b) be the y-intercept and (z, y) be any other point on the line. Then, 
ee ee 

i. = ee 


m= Multiply both sides by z. 


eon pe tee 


mz = y—b Solve for y. 
mz+b = y Forconvenience, we’ll rewrite this equation. 


y = mzt+ob 
Since this equation was derived using the slope and the intercept, it was called the 
slope-intercept form of a line. 


We summarize these two derivations as follows. 


Forms of the Equation of a Line 
We can find the equation of a line if we’re given either of the following sets of 


information: 


1. The slope, m,and the y-intercept, (0, b),by substituting these values into 


This is the slope-intercept form. 
2. The slope, m,and any point, (#1, yi),by substituting these values into 


y— y1 = m(a — 21) 


This is the point-slope form. 


Notice that both forms rely on knowing the slope. If we are given two points on the line 
we may still find the equation of the line passing through them by first finding the slope 
of the line, then using the point-slope form. 


It is customary to use either the slope-intercept form or the general form for the final 
form of the line. We will use the slope-intercept form as the final form. 


Sample Set A 


Find the equation of the line using the given information. 


Example: 

m=6 ,y-intercept (0, 4) 

Since we’re given the slope and the y-intercept,we’ll use the slope-intercept form. 
rie = Bb so7—-4; 


y=maz+b 
y=6r+4 
Example: 


m, = 4 » y intercept (0, =) 
Since we’re given the slope and the y-intercept,we’ll use the slope-intercept form. 


m= =3, 

es 1 
= a 
y = mz+b 
Meera, 
Example: 


m= 2, thepoint(4, 3). 
Write the equation in slope-intercept form. 
Since we’re given the slope and some point, we’ll use the point-slope form. 


y—y1 = m(x—21) Let(x1,y1 ) be(4,3). 


y—3 = 22-4) Putthis equation in slope-intercept form by solving for y. 
yos = 27 —8 

lee 
Example: 


m=-—5, the point(—3, 0). 

Write the equation in slope-intercept form. 

Since we’re given the slope and some point, we’ll use the point-slope form. 
y—yi = m(zx—21) Let (z1,y1 ) be (-3,0). 


y-0 = —5[e—(-2)] 
y = —5(¢+4+3) Solve for y. 
y= —be—15 

Example: 


m=-—1, thepoint(0,7). 

Write the equation in slope-intercept form. 

We’re given the slope and a point, but careful observation reveals that this point is 
actually the y-intercept. Thus, we’ll use the slope-intercept form. If we had not seen 
that this point was the y-interceptwe would have proceeded with the point-slope form. 
This would create slightly more work, but still give the same result. 

Slope-intercept form Point-slope form 


y = mat+ob y-y1 = M(ez-21) 
y = -lr+7 y-7 = -1(#-0) 
ore LA = Ee 

y =) Se 
Example: 


The two points (4, 1)and (3, 5). 

Write the equation in slope-intercept form. 

Since we’re given two points, we’ll find the slope first. 
Yy2-Y1 Hal —. 4 4 


i LyX, = 3-4 a —1 = 


Now, we have the slope and two points. We can use either point and the point-slope 
form. 


Using (4 , 1) Using (3 , 5) 


y-yi = m(x—«m) y-yi = m(x—21) 
y-1l = —A(a# -4) y—-5 = —A(a —3) 
y-1 = —-4r+16 y—5 = —4¢-+4 12 
y = —47%+17 y = —47 +17 


We can see that the use of either point gives the same result. 


Practice Set A 
Find the equation of each line given the following information. Use the slope-intercept 


form as the final form of the equation. 
Exercise: 


Problem: m = 5, y-intercept (0, 8). 
Solution: 


y=5a2+8 


Exercise: 
Problem: m = —8 , y-intercept (0, 3). 


Solution: 


y=—8r+3 


Exercise: 
Problem: m = 2 , y-intercept (0, —7). 


Solution: 


y= 227 


Exercise: 


Problem: m = 1, y-intercept (0, —1). 


Solution: 
y=ax-1 

Exercise: 
Problem: m = —1, y-intercept (0, —10). 
Solution: 
y= —2z— 10 

Exercise: 
Problem: m = 4,the point (5, 2). 
Solution: 
y=4z—- 18 

Exercise: 
Problem: m = —6,the point (—1, 0). 
Solution: 
y= —b2—6 

Exercise: 
Problem: m = —1,the point (—5, —5). 
Solution: 
y= 2 =. 10 

Exercise: 
Problem: The two points (4, 1)and (6, 5). 
Solution: 


y=22—7 


Exercise: 


Problem: The two points (—7, —1)and (—4, 8). 
Solution: 


y = 32+ 20 


Sample Set B 


Example: 

Find the equation of the line passing through the point (4, —7)having slope 0. 

We’re given the slope and some point, so we’|l use the point-slope form. With m = 0 
and (21, y1)as (4, —7),we have 


yy = m(z—2) 
y—(-7) = O(¢—-4) 
Opa i = 4 
y = =—% 


This is a horizontal line. 


Example: 

Find the equation of the line passing through the point (1, 3)given that the line is 
vertical. 

Since the line is vertical, the slope does not exist. Thus, we cannot use either the slope- 
intercept form or the point-slope form. We must recall what we know about vertical 
lines. The equation of this line is simply z = 1. 


Practice Set B 


Exercise: 


Problem: 


Find the equation of the line passing through the point (—2, 9)having slope 0. 


Solution: 


y=9 
Exercise: 


Problem: 


Find the equation of the line passing through the point (—1, 6)given that the line is 
vertical. 


Solution: 


x=—l 


Sample Set C 


Example: 

Reading only from the graph, determine the equation of the line. 

The slope of the line is 2, and the line crosses the y-axisat the point (0, —3).Using the 
slope-intercept form we get 

i =u = 


Practice Set C 


Exercise: 


Problem: Reading only from the graph, determine the equation of the line. 


Solution: 


y= sar+4 


Exercises 
For the following problems, write the equation of the line using the given information in 


slope-intercept form. 
Exercise: 


Problem: m = 3 , y-intercept (0, 4) 
Solution: 


y=3r+4 


Exercise: 


Problem: m = 2 , y-intercept (0, 5) 


Exercise: 


Problem: m = 8 , y-intercept (0, 1) 
Solution: 


y= srt 


Exercise: 


Problem: m = 5, y-intercept (0, —3) 


Exercise: 


Problem: m = —6 , y-intercept (0, —1) 
Solution: 


y= be) 


Exercise: 


Problem: m = —4 , y-intercept (0, 0) 


Exercise: 
Problem: m = 3 , y-intercept (0, 0) 
Solution: 


Sse 
Y= gt 


Exercise: 


Problem: m = 3, (1,4) 
Exercise: 

Problem: m = 1, (3,8) 

Solution: 

Y= 


Exercise: 


Problem: m = 2, (1,4) 
Exercise: 

Problem: m = 8 , (4,0) 

Solution: 


y = 82 — 32 


Exercise: 


Problem: m = —3 , (3,0) 


Exercise: 


Problem: m = —1, (6,0) 
Solution: 


y=—-2+6 


Exercise: 


Problem: m = —6 , (0,0) 


Exercise: 


Problem: m = —2, (0,1) 
Solution: 


y= —2r 1 


Exercise: 


Problem: (0,0) , (3, 2) 


Exercise: 
Problem: (0,0) , (5,8) 
Solution: 


— & 
y= 5v 


Exercise: 


Problem: (4,1) , (6,3) 


Exercise: 
Problem: (2,5) , (1,4) 


Solution: 


y=x+3 


Exercise: 


Problem: (5, —3) , (6,2) 


Exercise: 
Problem: (2,3) , (5,3) 


Solution: 


y = 3 (horizontal line) 


Exercise: 


Problem: (—1,5) , (4,5) 


Exercise: 
Problem: (4,1) , (4, 2) 


Solution: 


xz = A (vertical line) 


Exercise: 


Problem: (2,7) , (2,8) 


Exercise: 
Problem: (3,3) , (5,5) 
Solution: 


yar 


Exercise: 


Problem: (0,0) , (1,1) 


Exercise: 


Problem: (—2,4) , (3, —5) 


Solution: 
y= 22 or: “. 
Exercise: 
Problem: (1,6) , (—1, —6) 
Exercise: 
Problem: (14,12) , (—9, —11) 
Solution: 
Cae et 
Exercise: 


Problem: (0, —4) , (5,0) 


For the following problems, read only from the graph and determine the equation of the 
lines. 
Exercise: 


Problem: 


Solution: 


y= 22 ab 
Exercise: 


Problem: 


Sens 
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Exercise: 


Problem: 
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Solution: 


y= ra +1 
Exercise: 


Problem: 


ae 
Suame See: 


Exercise: 


Problem: 


PTT Ty Pea 
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Solution: 
Exercise: 

Problem: 
Exercise: 

Problem: 


Solution: 


¢==—sn— 1 


Exercises for Review 


Exercise: 


Problem: ({link]) Graph the equation z — 3 = 0. 


Exercise: 


Problem: 


({link]) Supply the missing word. The point at which a line crosses the y-axisis 
called the . 


Solution: 


y-intercept 
Exercise: 
Problem: 
({link]) Supply the missing word. The of a line is a measure of the steepness of the 
line. 
Exercise: 
Problem: 


([{link]) Find the slope of the line that passes through the points (4, 0)and 
(—2, —6). 


Solution: 


m=l1 


Exercise: 


Problem: ({link]) Graph the equation 3y = 2z + 3. 


Graphing Slope Intercept Form 

This module is from Elementary Algebra by Denny Burzynski and Wade Ellis, Jr. In this chapter the student is 
shown how graphs provide information that is not always evident from the equation alone. The chapter begins by 
establishing the relationship between the variables in an equation, the number of coordinate axes necessary to 
construct its graph, and the spatial dimension of both the coordinate system and the graph. Interpretation of graphs 
is also emphasized throughout the chapter, beginning with the plotting of points. The slope formula is fully 
developed, progressing from verbal phrases to mathematical expressions. The expressions are then formed into an 
equation by explicitly stating that a ratio is a comparison of two quantities of the same type (e.g., distance, weight, 
or money). This approach benefits students who take future courses that use graphs to display information. The 
student is shown how to graph lines using the intercept method, the table method, and the slope-intercept method, 
as well as how to distinguish, by inspection, oblique and horizontal/vertical lines. This module contains an 
overview of the chapter "Graphing Linear Equations and Inequalities in One and Two Variables". 


Overview 


e Using the Slope and Intercept to Graph a Line 


Using the Slope and Intercept to Graph a Line 


When a linear equation is given in the general form, ax + by = c, we observed that an efficient graphical 
approach was the intercept method. We let z = 0 and computed the corresponding value of y, then let y = 0 and 
computed the corresponding value of x. 


When an equation is written in the slope-intercept form, y = mz + 5, there are also efficient ways of 
constructing the graph. One way, but less efficient, is to choose two or three z-values and compute to find the 
corresponding y-values. However, computations are tedious, time consuming, and can lead to errors. Another 
way, the method listed below, makes use of the slope and the y-intercept for graphing the line. It is quick, simple, 
and involves no computations. 

Graphing Method 


1. Plot the y-intercept (0, b). 
2. Determine another point by using the slope m. 
3. Draw a line through the two points. 


Yyo-Y 
®2-Ty1 . 
changes and the denominator x2 — xj represents the number of units that z changes. Suppose m = me Then p is 


Recall that we defined the slope m as the ratio The numerator y2 — y; represents the number of units that y 


the number of units that y changes and q is the number of units that changes. Since these changes occur 
simultaneously, start with your pencil at the y-intercept, move p units in the appropriate vertical direction, and 
then move gq units in the appropriate horizontal direction. Mark a point at this location. 


Sample Set A 


Graph the following lines. 


Example: 
j= a se 7 


They-interceptis the (0, 2). Thus the line y-axis? units above the origin. Mark (0, 2). 
point crosses the a point at 


sine ak a This 3units4units y-intercept (0, 2). 3units, 4units to 3 = 
slope, is means up tothe Move then the 
thatif and right, up move right. 
we then we’ll Mark a 
start be point at 
at any back this 
point on the location. 
on the line. (Note 
line Start also that 
and ata 
move known 
our point, 
pencil the 


Draw a line through both points. 


They-interceptis the (0, 7) 


. Thus the line y-axis 7 ynitsabove the origin. 


means 
that if 
we 
start 
at any 
point 
on the 
line 
and 
move 
our 
pencil 


Cann 


or 


point crosses the Mark a point at 
inne fe. +. We —as—". Thus, we y-intercept(0, 3+), downone unit —1), 
slope, is can start at a move (because 
write known of the 
point, the 


Draw a line through both points. 
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then a point at 
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right location. 
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Example: 
y= $a 


We can put this equation into y= 2x + 0.They-interceptis the (0, 0), the origin. This line i 
explicit slope-intercept by writing point goes right through the HEH aaa 
it as origin. CH HHH 


The ws 2. Starting at the origin, we 2units, then move to 5units. Mark a point at this 
slope, is move up the right location. 


Draw a line through the two points. 


Example: 
yi— 20 — 4 


They-interceptis the (0, —4).Thusthe line Y-axis 4units below the origin. (0, — 4). 


right 


point crosses the Mark a point at 
The ™ is 2. If we write 2 = 2, we can read how to make (0, — 4), 2units,  lunit. Mark a : 
slope, the slope as a the changes. Start at the move then point at this 4 ae 
fraction, known point up move location. Pot 


Draw a line through the two points. 


Practice Set A 


Use the y-intercept and the slope to graph each line. 
Exercise: 


Problem: y = =x + 4 


a 
LITT ITT iT tity oy 
Exercise: 


Problem: y = 3g 


Solution: 


Excercises 


For the following problems, graph the equations. 
Exercise: 


y= ga +1 
Problem: 


AY 
we i 
Sam 
mera 
o, 
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rH 
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Exercise: 


y= +2 —2 
Problem: 


Exercise: 


y=5a—A4 
Problem: 


Exercise: 


Exercise: 


y= Frt2 
Problem: 


Exercise: 


y=-fn2+4 


Problem: 


| 
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Exercise: 


y= De +6 
Problem: 


Exercise: 


y=lae-A4 
Problem: 


Solution: 


Exercise: 


y= =27+ 1 


Problem: 


Exercise: 


xr+2 


yr 


Problem: 


Solution: 


Exercise: 


Exercise: 


yr 
Problem: 


Solution: 
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Exercise: 


3y — 22 = —3 
Problem: 


Exercise: 


6z + 10y = 30 
Problem: 


Exercise: 


zrt+y=0 
Problem: 


Excersise for Review 


Exercise: 


Problem: ({link]) Solve the inequality 2 — 4% > x — 3. 


Solution: 


xa<l1 


Exercise: 


({link]) Graph the inequality y+ 3 > 1. 
Problem: 


Exercise: 


({link]) Graph the equation y = —2. 
Problem: 


Exercise: 


Problem: ([link]) Determine the slope and y-intercept of the line —4y — 3a = 16. 


Exercise: 
Problem: ([link]) Find the slope of the line passing through the points (—1, 5) and (2, 3). 


Solution: 


Graphing Slope Intercept Form of a Line 

This module is from Elementary Algebra by Denny Burzynski and Wade Ellis, Jr. In this chapter the 
student is shown how graphs provide information that is not always evident from the equation alone. The 
chapter begins by establishing the relationship between the variables in an equation, the number of 
coordinate axes necessary to construct its graph, and the spatial dimension of both the coordinate system 
and the graph. Interpretation of graphs is also emphasized throughout the chapter, beginning with the 
plotting of points. The slope formula is fully developed, progressing from verbal phrases to mathematical 
expressions. The expressions are then formed into an equation by explicitly stating that a ratio is a 
comparison of two quantities of the same type (e.g., distance, weight, or money). This approach benefits 
students who take future courses that use graphs to display information. The student is shown how to 
graph lines using the intercept method, the table method, and the slope-intercept method, as well as how to 
distinguish, by inspection, oblique and horizontal/vertical lines. Objectives of this module: be more 
familiar with the general form of a line, be able to recognize the slope-intercept form of a line, be able to 
interpret the slope and intercept of a line, be able to use the slope formula to find the slope of a line. 


Overview 


e The General Form of a Line 

e The Slope-Intercept Form of a Line 
e Slope and Intercept 

e The Formula for the Slope of a Line 


The General Form of a Line 


We have seen that the general form of a linear equation in two variables is az + by = c (Section [link]). 
When this equation is solved for y, the resulting form is called the slope-intercept form. Let's generate this 
new form. 


ax+by = ¢ Subtract az from both sides. 
by = -axr+c Divide both sides by b 
by aie he 
b  ~8b b 
By _ -ae ye 
ke »& b 
y= E+E 
a re 


This equation is of the form y = ma + b if we replace =“ with m and constant + with b. (Note: The fact 
that we let b = £ is unfortunate and occurs beacuse of the letters we have chosen to use in the general 


form. The letter b occurs on both sides of the equal sign and may not represent the same value at all. This 
problem is one of the historical convention and, fortunately, does not occur very often.) 


The following examples illustrate this procedure. 


Example: 
Solve 3x + 2y = 6 for y. 


Se ao Subtract 3x from both sides. 


2y = -—3x2+6 Divide both sides by 2. 
y = —324+3 
This equation is of the form y = mz + b. In this case, m = -3 alnval () = 3). 
Example: 


Solve —15a + 5y = 20 for y. 
—1l5¢+5y = 20 


by = 15z% +20 


Soto 
This equation is of the form y = ma + b. In this case, m = 3 andb = 4. 


Example: 
Solve 4x — y = 0 for y. 
42 —y = 0 
Si ey 
Q = da 


This equation is of the form y = mz + b. In this case, m = 4 and b = 0. Notice that we can write 
y=4rasy=4r+0. 


The Slope-Intercept Form of a Line 


The Slope-Intercept Form of a Line y = mz +6 
A linear equation in two variables written in the form y = mz + 6 is said to be in slope-intercept form. 


Sample Set A 


The following equations are in slope-intercept form: 


Example: 
y=—62—7. Inthiscasem = 6andb = —7. 


Example: 
y——2¢-+9. Inthiscasem = —2andb — 9. 


Example: 
7 ee + 4.8 Inthiscasem = = and b = 4.8. 


Example: 
y=Tx. Inthiscasem = 7andb = Osince wecan write y = 7x asy = 7x + 0. 


The following equations are not in slope-intercept form: 


Example: 
2y=4ar—1. Thecoefficient of yis 2. To be inslope-intercept form, the coefficient of y must be 1. 


Example: 
y+4a2=5. The equation is not solved for y. The z and yappear on the same side of the equal sign. 


Example: 
y+1=2z. The equation is not solved for y. 


Practice Set A 


The following equation are in slope-intercept form. In each case, specify the slope and y-intercept. 
Exercise: 


Problem: y = 2x + 7; m= b= 
Solution: 
m=2,b=7 

Exercise: 
Problem: y = —4% +2; m= b= 
Solution: 
m= —4,b=2 

Exercise: 
Problem: y = —5z—1; m= b= 
Solution: 


m= 5,0 =] 


Exercise: 


Problem: y = 2x — 10; m= b= 


Solution: 
m=%,b= —10 
Exercise: 
Problem: y = =x + +; m= b= 
Solution: 


m= 3, b=% 

Exercise: 
Problem: y = —3z; m= b= 
Solution: 


m=-—3,b=0 


Slope and Intercept 
When the equation of a line is written in slope-intercept form, two important properties of the line can be 


seen: the slope and the intercept. Let's look at these two properties by graphing several lines and 
observing them carefully. 


Sample Set B 


Example: 
Graph the line y = x — 3. 


4g y (x, y) 
0 = (one) 
4 1 (4, 1) 


—2 —5 (-2, a 5) 


Looking carefully at this line, answer the following two questions. 
Exercise: 


Problem: At what number does this line cross the y-axis? Do you see this number in the equation? 


Solution: 


The line crosses the y-axis at —3. 
Exercise: 
Problem: 
Place your pencil at any point on the line. Move your pencil exactly one unit horizontally to the 


right. Now, how many units straight up or down must you move your pencil to get back on the line? 
Do you see this number in the equation? 


Solution: 


After moving horizontally one unit to the right, we must move exactly one vertical unit up. This 
number is the coefficient of x. 


Example: 
Graph the line y = <a ae IL. 


x y (z, y) 
0 1 (0, 1) 
3 3 (3, 3) 


—3 —1 (3; = 1) 


Looking carefully at this line, answer the following two questions. 
Exercise: 


Problem: At what number does this line cross the y-axis? Do you see this number in the equation? 


Solution: 


The line crosses the y-axis at +1. 

Exercise: 
Problem: 
Place your pencil at any point on the line. Move your pencil exactly one unit horizontally to the 
right. Now, how many units straight up or down must you move your pencil to get back on the line? 
Do you see this number in the equation? 


Solution: 


After moving horizontally one unit to the right, we must move exactly 2 unit upward. This number 
is the coefficient of x. 


Practice Set B 


Example: 
Graph the line y = —3a + 4. 


x y (x, y) 


Looking carefully at this line, answer the following two questions. 
Exercise: 


Problem: At what number does the line cross the y-axis? Do you see this number in the equation? 


Solution: 
The line crosses the y-axis at +4. After moving horizontally 1 unit to the right, we must move 
exactly 3 units downward. 
Exercise: 
Problem: 
Place your pencil at any point on the line. Move your pencil exactly one unit horizontally to the right. 


Now, how many units straight up or down must you move your pencil to get back on the line? Do 
you see this number in the equation? 


Solution: 


In the graphs constructed in Sample Set B and Practice Set B, each equation had the form y = mz + b. 
We can answer the same questions by using this form of the equation (shown in the diagram). 


y-Intercept 
Exercise: 


Problem: At what number does the line cross the y-axis? Do you see this number in the equation? 


Solution: 


In each case, the line crosses the y-axis at the constant b. The number 6 is the number at which the 
line crosses the y-axis, and it is called the y-intercept. The ordered pair corresponding to the 
y-intercept is (0, b). 


Exercise: 


Problem: 


Place your pencil at any point on the line. Move your pencil exactly one unit horizontally to the right. 
Now, how many units straight up or down must you move your pencil to get back on the line? Do 
you see this number in the equation? 


Solution: 


To get back on the line, we must move our pencil exactly m vertical units. 


Slope 

The number ™ is the coefficient of the variable x. The number ™ is called the slope of the line and it is 
the number of units that y changes when z is increased by 1 unit. Thus, if z changes by 1 unit, y changes 
by m units. 

Since the equation y = mz + 6 contains both the slope of the line and the y-intercept, we call the form 
y = mz + b the slope-intercept form. 


The Slope-Intercept Form of the Equation of a Line 

The slope-intercept form of a straight line is 

y=mez+b 

The slope of the line is m, and the y-intercept is the point (0, b). 


The Slope is a Measure of the Steepness of a Line 

The word slope is really quite appropriate. It gives us a measure of the steepness of the line. Consider two 
lines, one with slope 5 and the other with slope 3. The line with slope 3 is steeper than is the line with 
slope ai Imagine your pencil being placed at any point on the lines. We make a 1-unit increase in the z- 
value by moving the pencil one unit to the right. To get back to one line we need only move vertically + 
unit, whereas to get back onto the other line we need to move vertically 3 units. 
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Sample Set C 


Find the slope and the y-intercept of the following lines. 


Example: 
y= 22+ 7. 


The line is in the slope-intercept form y = ma + b. The slope is m, the coefficient of x. Therefore, 
m = 2. The y-intercept is the point (0, b). Since b = 7, the y-intercept is (0, 7). 
Slope : 2 


y-intercept : (0, 7) 


Example: 

y = —4¢ + 1. 

The line is in slope-intercept form y = ma + b. The slope is m, the coefficient of x. So, m = —4. The 
y-intercept is the point (0, b). Since b = 1, the y-intercept is (0, 1 ). 

Slope : —4 


y-intercept : (0, 1) 


Example: 
awe 4= 20) = Be 


The equation is written in general form. We can put the equation in slope-intercept form by solving for y. 


a aso 


2y = —3x2+4+5 
As heed 
Now the equation is in slope-intercept form. 
Slope: — 3 


y-intercept: (0, 3) 


Practice Set C 


Exercise: 


Problem: Find the slope and y-intercept of the line 2x + 5y = 15. 
Solution: 


Solving for y we get y = se + 3. Now, m = = and 6b = 3. 


The Formula for the Slope of a Line 


We have observed that the slope is a measure of the steepness of a line. We wish to develop a formula for 
measuring this steepness. 


It seems reasonable to develop a slope formula that produces the following results: 


Steepness of line 1 > steepness of line 2. 


» 


Consider a line on which we select any two points. We’ll denote these points with the ordered pairs 
(1,y1) and (x2, y2). The subscripts help us to identify the points. 


(a1, y1) is the first point. Subscript 1 indicates the first point. 
(a2, y2) is the second point. Subscript 2 indicates the second point. 


(x, yy), 


The difference in x values (a — 21) gives us the horizontal change, and the difference in y values 

(y2 — y1) gives us the vertical change. If the line is very steep, then when going from the first point to the 
second point, we would expect a large vertical change compared to the horizontal change. If the line is not 
very steep, then when going from the first point to the second point, we would expect a small vertical 
change compared to the horizontal change. 


Horizontal change 
4% % 


Horizontal change 
4 ~ % 


We are comparing changes. We see that we are comparing 


The verticalchange to the horizontal change 
The change in y to thechangeinz 


y2— Yi to %2— 2} 


This is a comparison and is therefore a ratio. Ratios can be expressed as fractions. Thus, a measure of the 
steepness of a line can be expressed as a ratio. 


The slope of a line is defined as the ratio 


change in y 
Slope = ———— 
changein x 


Mathematically, we can write these changes as 


Slope = Be 
L2—- L1 


Finding the Slope of a Line 
The slope of a nonvertical line passing through the points (a1, y; ) and (x2, y2) is found by the formula 


2-41 
ee y 
L2— 1 


Sample Set D 


For the two given points, find the slope of the line that passes through them. 


Example: 
(0,1) and (1, 3). 


Looking left to right on the line we can choose (x1, 4; ) to be (0, 1), and (x2, y2) to be (1, 3).Then, 


Uae Ue oa oe 
Jib) —= FEAL 1-0 1 


m — 


This line has slope 2. It appears fairly steep. When the slope is written in fraction form, 2 = 2, we can 


see, by recalling the slope formula, that as z changes 1 unit to the right (because of the +1) y changes 2 
units upward (because of the +2). 


_ changeiny 2 


change in z Il 


Notice that as we look left to right, the line rises. 


Example: 
(2,2) and (4,3). 


Looking left to right on the line we can choose (1,4; ) to be (2, 2) and (2 y2) to be (4,3). Then, 


= Ub ih = 3-2 = 1 
2 — & 4—2 PA 


m 


This line has slope +. Thus, as z changes 2 units to the right (because of the +2), y changes 1 unit 
upward (because of the +1). 


_ changeiny _ 1 


change in x 2 


Notice that in examples 1 and 2, both lines have positive slopes, +2 and +5, and both lines rise as we 
look left to right. 


Example: 
(—2, 4) and (1, 1). 


Looking left to right on the line we can choose (x1, y; ) to be (—2, 4) and (x2 y2) to be (1, 1). Then, 


by — Oh 1-4 —3 —3 
m= = 


= — — — = 1 
G85; —= Gen 1 — (—2) 1+2 3 


This line has slope —1. 


| , we can see that as x changes 1 unit to the 


right (because of the +1), y changes 1 unit downward (because of the —1). 
Notice also that this line has a negative slope and declines as we look left to right. 


When the slope is written in fraction form, m = —1 = 


Example: 
(1S vandi(Sn3) 


This line has 0 slope. This means it has no rise and, therefore, is a horizontal line. This does not mean that 
the line has no slope, however. 


Example: 
(4, 4) and (4, 0). 


This problem shows why the slope formula is valid only for nonvertical lines. 


Since division by 0 is undefined, we say that vertical lines have undefined slope. Since there is no real 
number to represent the slope of this line, we sometimes say that vertical lines have undefined slope, or 
no slope. 


Practice Set D 


Exercise: 


Problem: 


Find the slope of the line passing through (2, 1) and (6, 3). Graph this line on the graph of problem 2 
below. 


Solution: 


Exercise: 


Find the slope of the line passing through (3, 4) and (5, 5). Graph this line. 
Problem: 


Solution: 


The line has slope + 
Exercise: 


Problem: 
Compare the lines of the following problems. Do the lines appear to cross? What is it called when 
lines do not meet (parallel or intersecting)? Compare their slopes. Make a statement about the 


condition of these lines and their slopes. 


Solution: 


The lines appear to be parallel. Parallel lines have the same slope, and lines that have the same slope 
are parallel. 


Before trying some problems, let’s summarize what we have observed. 
Exercise: 


Problem: 
The equation y = mz + bis called the slope-intercept form of the equation of a line. The number m 
is the slope of the line and the point (0, b) is the y-intercept. 

Exercise: 
Problem: 
The slope, m, of a line is defined as the steepness of the line, and it is the number of units that y 
changes when z changes 1 unit. 

Exercise: 


Problem: 


The formula for finding the slope of a line through any two given points (21, y1) and (2, y)is 


m= YoU 
t2-%1 
Exercise: 


Change in y 
Changeinz * 


yay 
2-1 


Problem: The fraction represents the 


Exercise: 


Problem: 


As we look at a graph from left to right, lines with positive slope rise and lines with negative slope 
decline. 


Exercise: 


Problem: Parallel lines have the same slope. 


Exercise: 


Problem: Horizontal lines have 0 slope. 


Exercise: 


Problem: Vertical lines have undefined slope (or no slope). 


Exercises 


For the following problems, determine the slope and y-intercept of the lines. 
Exercise: 


Problem: y = 3z + 4 


Solution: 
slope = 3; y-intercept = (0, 4) 


Exercise: 


Problem: y = 2z + 9 


Exercise: 


Problem: y = 9z + 1 
Solution: 


slope = 9; y-intercept = (0, 1) 


Exercise: 


Problem: y = 7x + 10 


Exercise: 


Problem: y = —4z + 5 
Solution: 


slope = —4; y-intercept = (0,5) 


Exercise: 


Problem: y = —2z +8 
Exercise: 
Problem: y = —6z — 1 
Solution: 
slope = —6; y-intercept = (0, —1) 


Exercise: 


Problem: y = —x — 6 
Exercise: 
Problem: y = —x + 2 
Solution: 
slope = —1; y-intercept = (0, 2) 


Exercise: 


Problem: 2y = 4x + 8 
Exercise: 

Problem: 4y = 16z + 20 

Solution: 

slope = 4; y-intercept = (0,5) 


Exercise: 


Problem: —5y = 15z + 55 


Exercise: 


Problem: —3y = 12x — 27 


Solution: 

slope = —4; y-intercept = (0, 9) 
Exercise: 

Problem: y = 2a —8 


Exercise: 


Problem: y = 2a —12 


Solution: 


slope = 2; yintercept = (0, —12) 


Exercise: 


Problem: y = =a + 2 


Exercise: 


Problem: y = sa = + 


Solution: 
slope = —4; y-intercept = (0, —+) 
Exercise: 


Problem: —3y = 5z + 8 


Exercise: 


Problem: —10y = —12z+1 
Solution: 
slope = £; y-intercept = (0, —~z) 


Exercise: 


Problem: —y = z+ 1 


Exercise: 


Problem: —y = —z +3 
Solution: 
slope = 1; y-intercept = (0, —3) 


Exercise: 


Problem: 32 — y = 7 


Exercise: 


Problem: 5z + 3y = 6 


Solution: 


slope = —3; y-intercept = (0, 2) 


Exercise: 


Problem: —6z — 7y = —12 


Exercise: 
Problem: —x + 4y = —1 
Solution: 
slope = 4 y-intercept = (0, —t) 


4 


For the following problems, find the slope of the line through the pairs of points. 
Exercise: 


Problem: (1, 6), (4,9) 


Exercise: 


Problem: (1, 3), (4, 7) 
Solution: 


Mm = 


oo |S 


Exercise: 


Problem: (3, 5), (4, 7) 
Exercise: 

Problem: (6, 1), (2,8) 

Solution: 

m=—4 


Exercise: 


Problem: (0, 5), (2, —6) 
Exercise: 

Problem: (—2, 1), (0,5) 

Solution: 


m.=2 


Exercise: 


Problem: (3, —9), (5,1) 
Exercise: 

Problem: (4, —6), (—2, 1) 

Solution: 

m=—4 


Exercise: 


Problem: (—5, 4), (—1, 0) 
Exercise: 

Problem: (—3, 2), (—4, 6) 

Solution: 

m=-—A4 


Exercise: 


Problem: (9, 12), (6,0) 
Exercise: 

Problem: (0, 0), (6,6) 

Solution: 


m=1 


Exercise: 


Problem: 


— 
bd 

[=>) 
ma 
— 
- 


Exercise: 


Problem: 


— 
= 
~I 

—— 

— 

bd 


Solution: 


m= 2 


Exercise: 


Problem: (—6, —6), (—5, —4) 


Exercise: 


Problem: (—1, 0), (—2, —2) 


Solution: 
m=2 


Exercise: 


Problem: (—4, —2), (0, 0) 
Exercise: 

Problem: (2, 3), (10,3) 

Solution: 

m = 0 (horizontal line y = 3) 


Exercise: 


Problem: (4, —2), (4,7) 
Exercise: 

Problem: (8, —1), (8,3) 

Solution: 


Noslope (vertical line at x = 8) 


Exercise: 


Problem: (4, 2), (6,2) 
Exercise: 
Problem: (5, —6), (9, —6) 
Solution: 
m = 0 ( horizontal line at y = —6) 


Exercise: 


Problem: Do lines with a positive slope rise or decline as we look left to right? 
Exercise: 

Problem: Do lines with a negative slope rise or decline as we look left to right? 

Solution: 


decline 


Exercise: 


Problem: Make a statement about the slopes of parallel lines. 


Calculator Problems 


For the following problems, determine the slope and y-intercept of the lines. Round to two decimal 
places. 
Exercise: 


Problem: 3.82% + 12.ly = 4.26 


Solution: 


slope = —0.31 
y — intercept = (0, 0.35) 


Exercise: 


Problem: 8.09z + 5.57y = —1.42 


Exercise: 


Problem: 10.813z — 17.0y = —45.99 


Solution: 


slope = 0.64 
y — intercept = (0, 2.71) 


Exercise: 
Problem: —6.003z — 92.388y = 0.008 


For the following problems, find the slope of the line through the pairs of points. Round to two decimal 
places. 
Exercise: 


Problem: (5.56, 9.37), (2.16, 4.90) 


Solution: 
m = 1.31 


Exercise: 


Problem: (33.1, 8.9), (42.7, — 1.06) 


Exercise: 


Problem: (155.89, 227.61), (157.04, 227.61) 
Solution: 


m = 0 ( horizontal line at y = 227.61) 


Exercise: 


Problem: (0.00426, — 0.00404), (—0.00191, — 0.00404) 


Exercise: 


Problem: (88.81, — 23.19), (88.81, — 26.87) 
Solution: 


Noslope (vertical line zx = 88.81) 


Exercise: 


Problem: (—0.0000567, — 0.0000567), (—0.00765, 0.00764) 


Exercises for Review 


Exercise: 


Problem: ({link]) Simplify (x?y2w*)”. 
Solution: 


lifryw £0 


Exercise: 


Problem: ([link]) Solve the equation 32 — 4(2 — x) — 3(a@ -2)+4=0. 
Exercise: 


Problem: 


({link]) When four times a number is divided by five, and that result is decreased by eight, the result 
is zero. What is the original number? 


Solution: 
10 


Exercise: 


Problem: ({link]) Solve —3y + 10 = 2+ 2 ifa = —4. 


Exercise: 


Problem: ({link]) Graph the linear equation x + y = 3. 


HS | i tt tt tt 


Graphing One Variable Inequalities 

This module is from Elementary Algebra by Denny Burzynski and Wade Ellis, Jr. In this 
chapter the student is shown how graphs provide information that is not always evident from 
the equation alone. The chapter begins by establishing the relationship between the variables 
in an equation, the number of coordinate axes necessary to construct its graph, and the spatial 
dimension of both the coordinate system and the graph. Interpretation of graphs is also 
emphasized throughout the chapter, beginning with the plotting of points. The slope formula 
is fully developed, progressing from verbal phrases to mathematical expressions. The 
expressions are then formed into an equation by explicitly stating that a ratio is a comparison 
of two quantities of the same type (e.g., distance, weight, or money). This approach benefits 
students who take future courses that use graphs to display information. The student is shown 
how to graph lines using the intercept method, the table method, and the slope-intercept 
method, as well as how to distinguish, by inspection, oblique and horizontal/vertical lines. 
Objectives of this module: understand the concept of a graph and the relationship between 
axes, coordinate systems, and dimension, be able to construct one-dimensional graphs. 


Overview 


e Graphs 
e Axes, Coordinate Systems, and Dimension 
e Graphing in One Dimension 


Graphs 


We have, thus far in our study of algebra, developed and used several methods for obtaining 
solutions to linear equations in both one and two variables. Quite often it is helpful to obtain 
a picture of the solutions to an equation. These pictures are called graphs and they can reveal 
information that may not be evident from the equation alone. 


The Graph of an Equation 
The geometric representation (picture) of the solutions to an equation is called the graph of 
the equation. 


Axes, Coordinate Systems, and Dimension 


Axis 
The basic structure of the graph is the axis. It is with respect to the axis that all solutions to 
an equation are located. The most fundamental type of axis is the number line. 


The Number Line is an Axis 
This number line 


PA is an axis. 


-§ -4 -3 -2 -1 0 1 2 8 4 §& 


We have the following general rules regarding axes. 
Number of Variables and Number of Axes 


e An equation in one variable requires one axis. 

e An equation in two variables requires two axes. 

e An equation in three variables requires three axes. 
e ... An equation in n variables requires n axes. 


We shall always draw an axis as a straight line, and if more than one axis is required, we 
shall draw them so they are all mutually perpendicular (the lines forming the axes will be at 
90° angles to one another). 


Coordinate System 
A system of axes constructed for graphing an equation is called a coordinate system. 


The Phrase, Graphing an Equation 
The phrase graphing an equation is used frequently and should be interpreted as meaning 
geometrically locating the solutions to an equation. 


Relating the Number of Variables and the Number of Axes 

We will not start actually graphing equations until Section [link], but in the following 
examples we will relate the number of variables in an equation to the number of axes in the 
coordinate system. 


e 1. One-Dimensional Graphs 


If we wish to graph the equation 52 + 2 = 17, we would need to construct a coordinate 
system consisting of a single axis (a single number line) since the equation consists of 
only one variable. We label the axis with the variable that appears in the equation. 


-~4 -3 -2 -1 0 » oon 4 


Graphs are points. 
This axis is a line and lines 
are one-dimensional —length. 


We might interpret an equation in one variable as giving information in one-dimensional 
space. Since we live in three-dimensional space, one-dimensional space might be hard 
to imagine. Objects in one-dimensional space would have only length, no width or 
depth. 

e 2. Two-Dimensional Graphs 


To graph an equation in two variables such as y = 2x— 3, we would need to construct a 
coordinate system consisting of two mutually perpendicular number lines (axes). We 
call the intersection of the two axes the origin and label it with a 0. The two axes are 


simply number lines; one drawn horizontally, one drawn vertically. 


+—+—+In general, graphs are 
|_| _|ecurves (straight or curved). 


—+This is a plane and planes 
|_| |are two-dimensional—length 
| | | and width. 
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Recall that an equation in two variables requires a solution to be a pair of numbers. The 
solutions can be written as ordered pairs (x, y). Since the equation y = 2x—3 involves 
the variables x and y, we label one axis x and the other axis y. In mathematics it is 
customary to label the horizontal axis with the independent variable and the vertical axis 
with the dependent variable. 


We might interpret equations in two variables as giving information in two-dimensional 
space. Objects in two-dimensional space would have length and width, but no depth. 
3. Three-Dimensional Graphs 


An equation in three variables, such as 3x7— 4y” + 5z = 0, requires three mutually 


perpendicular axes, one for each variable. We would construct the following coordinate 
system and graph. 


z s 


7 
4 


7 
This is 3-dimensional— 
4 
Pe length, width, & depth. 
Pd 


We won't consider these 
iy, types of graphs as they 
eS are too complicated to draw. 
Graphs are surfaces. 


We might interpret equations in three variables as giving information about three- 
dimensional space. 
4. Four-Dimensional Graphs 


To graph an equation in four variables, such as 3z— 2y + 8x—5w =— 7, would require 
four mutually perpendicular number lines. These graphs are left to the imagination. 


We might interpret equations in four variables as giving information in four-dimensional 
space. Four-dimensional objects would have length, width, depth, and some other 
dimension. 


Black Holes 

These other spaces are hard for us to imagine, but the existence of “black holes” makes 
the possibility of other universes of one-, two-, four-, or n-dimensions not entirely 
unlikely. Although it may be difficult for us “3-D” people to travel around in another 
dimensional space, at least we could be pretty sure that our mathematics would still 
work (since it is not restricted to only three dimensions)! 


Graphing in One Dimension 


Graphing a linear equation in one variable involves solving the equation, then locating the 
solution on the axis (number line), and marking a point at this location. We have observed 
that graphs may reveal information that may not be evident from the original equation. The 
graphs of linear equations in one variable do not yield much, if any, information, but they 
serve as a foundation to graphs of higher dimension (graphs of two variables and three 
variables). 


Sample Set A 


Example: 

Graph the equation 3z—5 = 10. 

Solve the equation for z and construct an axis. Since there is only one variable, we need 
only one axis. Label the axis z. 


30—5>. = 10 
on aly 
96 = 


Example: 
Graph the equation 32 + 4+ 7z-1+ 8 = 31. 
Solving the equation we get, 


10z2+11 = 31 
10x = () 
ae i 


at tt tt 
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Practice Set A 


Exercise: 


Problem: Graph the equation 4z + 1 = —7. 


al 


Solution: 


x= -—2 


+++ > + _+_ + + _ + +_ + 
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Sample Set B 


Example: 
Graph the linear inequality 4a > 12. 
We proceed by solving the inequality. 


4x > 12 Divide each side by 4. 
3 > & 


As we know, any value greater than or equal to 3 will satisfy the original inequality. Hence 
we have infinitely many solutions and, thus, infinitely many points to mark off on our graph. 


ttt 
-4 -3 -2-1 01 2 3 4 5 6 * 


The closed circle at 3 means that 3 is included as a solution. All the points beginning at 3 
and in the direction of the arrow are solutions. 


Example: 
Graph the linear inequality —2y—1 > 3. 
We first solve the inequality. 


2 ee 
-2y > 4 
y < -—2 The inequality symbol reversed direction because we divided by —2. 


Thus, all numbers strictly less than —2 will satisfy the inequality and are thus solutions. 
Since —2 itself is not to be included as a solution, we draw an open circle at —2. The 
solutions are to the left of —2 so we draw an arrow pointing to the left of —2 to denote the 
region of solutions. 


——— Ho tH HH Ht HH 
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Example: 

Graph the inequality -2 <y+1< 1. 

We recognize this inequality as a compound inequality and solve it by subtracting 1 from 
all three parts. 


Gee OSI aye eect 
Suen) 


Thus, the solution is all numbers between —3 and 0, more precisely, all numbers greater 
than or equal to —3 but strictly less than 0. 


f+} $$ +_ +0 —} —_ + _ + —_ ++ 
-5 -4 -3 -2 -1 0 12 3 4 67% 


Example: 
Graph the linear equation 5% =— 125. 
The solution is x =— 25. Scaling the axis by units of 5 rather than 1, we obtain 


-25 
ne oe oe 
—50 -40-30-20-10 0 10 20 30 40 50” 


Practice Set B 
Exercise: 


Problem: Graph the inequality 3z < 18. 


OO 
Solution: 

xr<6 

aaa py —— + F - 
aa e+ & £8 4 8 8 SSF 
Exercise: 


Problem: Graph the inequality —3m +1 < 13. 
OO 


Solution: 
m>-—A4 
5 m 


-5 -4 -3 -2 -1 0 1 2 3 4 


Exercise: 


Problem: Graph the inequality —3 < x —5 < 5. 
SO 


Solution: 
2<2< 10 


10 11 * 


Exercise: 


Problem: Graph the linear equation —6y = 480. 
Or 


Solution: 
y= —80 


—100-90 —80 —70 —60 -50 -40 -30 -20-10 0 ” 


Exercises 


For problems 1 - 25, graph the linear equations and inequalities. 


Exercise: 


Problem: 42 + 7 = 19 


Solution: 
eo 
>t Ht tH HH 
-2 -1 0 1 2 3 4 
Exercise: 


Problem: 8z — 1 = 7 


Exercise: 


Problem: 27 + 3 = 4 


Solution: 


1 
oy 
Ot tt 

-2-1 012 83 4 
Exercise: 


Problem: x + 3 = 15 


Exercise: 


Problem: 6y + 3 = y+8 


Solution: 
y=1 
++ ++ +4 +4 + 
-2-1 012 3 4 
Exercise: 


Problem: 2x = 0 


Exercise: 


Problem: 4 + 1 — 4 = 3z 


Solution: 


XR 
| 
wl 


-1-§ -$ 0 3 § 


Exercise: 


Problem: z + $ a + 


Exercise: 
Problem: 7r = rr 


——————_______ _,». 


Solution: 


T= 9g 


-+ O + & & 
Exercise: 


Problem: 2x — 6 = 2 


a 
Exercise: 


Problem: x + 7 < 12 


Solution: 


a<5 


$ § 


-l1 0132 8 4 & 


Exercise: 


Problem: y — 5 < 3 


ae 
Exercise: 


Problem: z + 19 > 2 


Solution: 


x >-l17 


=—17 
-20 -15 -10 -5 0 


Exercise: 


Problem: z+ 5 > 11 


Exercise: 
Problem: 3m — 7 < 8 


— 


Solution: 


m<5d 


Exercise: 


Problem: —5t > 10 


Exercise: 
Problem: —8z — 6 > 34 


ee 


Solution: 


xr<—d 


-8 -7 -6 -5 -4 -3 =-2 


Exercise: 


Problem: 7 < 2 


ee 
Exercise: 


Problem: 7 < 3 


"me 


Solution: 


y<21 


15 16 17 18 19 20 21 22 23 


Exercise: 


Problem: 4 24 


ee 
Exercise: 


Problem: — 24 S4 


ee 


Solution: 


-7 -6 -5 -4 -3 -2 


Exercise: 
Problem: —¢ < —4 
ee 
Exercise: 


Problem: —1 < z—3<0 


nS 


Solution: 


2 ES 


Exercise: 


Problem: 6<2+4< 7 


Exercise: 


Problem: —12 < —2xz — 2 < —8 


ee? 


Solution: 


3<a2<5 


Exercises for Review 


Exercise: 


Problem: (({link]) Simplify (328y2)°. 
Exercise: 


Problem: 


({link]) List, if any should appear, the common factors in the expression 
10a* — 152? + 52°. 


Solution: 


5a? 


Exercise: 


Problem: ({link]) Solve the inequality —4(a + 3) < —3a 4+ 1. 


Exercise: 


Problem: ([link]) Solve the equation y = —5a + 8if x = —2. 


Solution: 


(318) 


Exercise: 


Problem: ([link]) Solve the equation 2y = 5(3x + 7)ifa = —1. 


Graphing Two Variable Inequalities 

This module is from Elementary Algebra by Denny Burzynski and Wade 
Ellis, Jr. In this chapter the student is shown how graphs provide 
information that is not always evident from the equation alone. The chapter 
begins by establishing the relationship between the variables in an equation, 
the number of coordinate axes necessary to construct its graph, and the 
spatial dimension of both the coordinate system and the graph. 
Interpretation of graphs is also emphasized throughout the chapter, 
beginning with the plotting of points. The slope formula is fully developed, 
progressing from verbal phrases to mathematical expressions. The 
expressions are then formed into an equation by explicitly stating that a 
ratio is a comparison of two quantities of the same type (e.g., distance, 
weight, or money). This approach benefits students who take future courses 
that use graphs to display information. The student is shown how to graph 
lines using the intercept method, the table method, and the slope-intercept 
method, as well as how to distinguish, by inspection, oblique and 
horizontal/vertical lines. Objectives of this module: be able to locate 
solutions to linear inequalities in two variables using graphical techniques. 


Overview 


e Location of Solutions 
¢ Method of Graphing 


Location of Solutions 


In our study of linear equations in two variables, we observed that all the 
solutions to the equation, and only the solutions to the equation, were 
located on the graph of the equation. We now wish to determine the location 
of the solutions to linear inequalities in two variables. Linear inequalities in 
two variables are inequalities of the forms: 


ax+by<c ax+by>c 
ax+by<c ax+by>c 


Half-Planes 


A straight line drawn through the plane divides the plane into two half- 
planes. 


Boundary Line 
The straight line is called the boundary line. 


Solution to an Inequality in Two Variables 

Recall that when working with linear equations in two variables, we 
observed that ordered pairs that produced true statements when substituted 
into an equation were called solutions to that equation. We can make a 
similar statement for inequalities in two variables. We say that an inequality 
in two variables has a solution when a pair of values has been found such 
that when these values are substituted into the inequality a true statement 
results. 


The Location of Solutions in the Plane 

As with equations, solutions to linear inequalities have particular locations 
in the plane. All solutions to a linear inequality in two variables are located 
in one and only in one entire half-plane. For example, consider the 
inequality 


22+ 3y <6 


No point in this 
half-plane is a 
solution. 


Each point in this hop 
half-plane isa | 
solution. ihe 

Ch wr 
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All the solutions to the inequality2z + 3y < 6 lie in the shaded half-plane. 


Example: 
Point A(1, — 1)is a solution since 
20 ou=0 


2(1) + 3(—1) < 6? 
2—3<6? 
—1<6. True 


Example: 
Point B(2, 5)is not a solution since 
2¢ + 3y <6 


2( 2) oo) 67 
4+15< 6? 
Oe 6. False 


Method of Graphing 


The method of graphing linear inequalities in two variables is as follows: 


1. Graph the boundary line (consider the inequality as an equation, that 
is, replace the inequality sign with an equal sign). 


a. If the inequality is< or >, draw the boundary line solid. This 
means that points on the line are solutions and are part of the 
graph. 

b. If the inequality is < or >, draw the boundary line dotted. This 
means that points on the line are not solutions and are not part of 
the graph. 


2. Determine which half-plane to shade by choosing a test point. 


a. If, when substituted, the test point yields a true statement, shade 
the half-plane containing it. 

b. If, when substituted, the test point yields a false statement, shade 
the half-plane on the opposite side of the boundary line. 


Sample Set A 


Example: 

Graph 32— 2y > — 4: 

1. Graph the boundary line. The inequality is > so we’ll draw the line 
solid. Consider the inequality as an equation. 

Equation: 


oe — 24 — —4 


x y (x, y) 


Boundary line . 
Points on this line are 
solutions. 


2. Choose a test point. The easiest one is(0, 0). Substitute (0, 0) into the 
original inequality. 
Equation: 

Ot en 

J (O)=2 (0) 4? 

0-02 —-4? 

0 > —4. True 


Shade the half-plane containing (0, 0). 


Points in this region 
are not solutions. 
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Points in this region+—+—A]_| |) | 1 sa (0, 0) 
are solutions. | reetenes iis eas 
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Example: 

Gieeio insane ee UO) 

1. Graph the boundary line: z + y — 3 = O. The inequality is < so we’ll 
draw the line dotted. 


2. Choose a test point, say (0, 0). 


Equation: 
Co ora) 
0+0-—3<0? 
—3<0. True 


Shade the half-plane containing (0, 0). 


Example: 
Graph y = 22. 


Le 


N 


Graph the boundary line y = 2x. The inequality is <, so we’ll draw 
the line solid. 


Boundary line 
Points on this line 
are solutions. 


. Choose a test point, say (0, 0). 


y < 242 

0 < 2(0)? 

0<0O. True 

Shade the half-plane containing (0, 0). We can’t! (0, 0) is right on 
the line! Pick another test point, say (1, 6). 


y < 242 

Oe), 

6<2. False 

Shade the half-plane on the opposite side of the boundary line. 


Points in this region : 
are not solutions. ~ 


Points in this region 
are solutions. 


== 


Example: 

Graph y > 2. 

1. Graph the boundary line y = 2. The inequality is > so we’ll draw the 
line dotted. 


2. We don’t really need a test point. Where is y > 2?Above the line y = 2! 
Any point above the line clearly has a y-coordinate greater than 2. 


Practice Set A 


Solve the following inequalities by graphing. 
Exercise: 


—3z+2y <4 
Problem: 


Solution: 


Exercise: 


x—4y<4 
Problem: 


Seen 
Litt 
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Exercise: 


3x2 +y > 0 
Problem: 


Problem: 


Exercises 


Solve the inequalities by graphing. 
Exercise: 


youl 
Problem: 


Exercise: 


Gay ssl 
Problem: 


Exercise: 


—r+2y+4->0 
Problem: 


See Bee 


Exercise: 


—z+5y—10<0 
Problem: 


Exercise: 


—3ar + 4y > —-12 
Problem: 
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Exercise: 


22+ 5y—15>0 
Problem: 


Solution: 


+++ iE RSEE 


Problem: 


sess: 7 RBaaer 


Exercise: 


z—-y<0 
Problem: 


Exercise: 


e+ 3y > 0 
Problem: 


Exercise: 


=29 -4y > 0 
Problem: 


Exercises for Review 


Exercise: 


({link]) Graph the inequality—3a2 + 5 > —1. 
Problem: 


Solution: 
-3 -2 -1 0 1 2 8 


Exercise: 


Problem: 


({link]) Supply the missing word. The geometric representation 
(picture) of the solutions to an equation is called the of the equation. 


Exercise: 


Problem: ([link]) Supply the denominator:m = “>*. 


Solution: 


Exercise: 


({link]) Graph the equation y = —3z + 2. 
Problem: 


Exercise: 


Problem: 


({link]) Write the equation of the line that has slope 4 and passes 
through the point (—1, 2). 


Solution: 


y=4z2+6 


Graphing Linear Inequalities 

This module is from Elementary Algebra by Denny Burzynski and Wade 
Ellis, Jr. In this chapter the student is shown how graphs provide 
information that is not always evident from the equation alone. The chapter 
begins by establishing the relationship between the variables in an equation, 
the number of coordinate axes necessary to construct its graph, and the 
spatial dimension of both the coordinate system and the graph. 
Interpretation of graphs is also emphasized throughout the chapter, 
beginning with the plotting of points. The slope formula is fully developed, 
progressing from verbal phrases to mathematical expressions. The 
expressions are then formed into an equation by explicitly stating that a 
ratio is a comparison of two quantities of the same type (e.g., distance, 
weight, or money). This approach benefits students who take future courses 
that use graphs to display information. The student is shown how to graph 
lines using the intercept method, the table method, and the slope-intercept 
method, as well as how to distinguish, by inspection, oblique and 
horizontal/vertical lines. Objectives of this module: be able to relate 
solutions to a linear equation to lines, know the general form of a linear 
equation, be able to construct the graph of a line using the intercept method, 
be able to distinguish, by their equations, slanted, horizontal, and vertical 
lines. 


Overview 


e Solutions and Lines 

General form of a Linear Equation 

e The Intercept Method of Graphing 

e Graphing Using any Two or More Points 
Slanted, Horizontal, and Vertical Lines 


Solutions and Lines 


We know that solutions to linear equations in two variables can be 
expressed as ordered pairs. Hence, the solutions can be represented by point 
in the plane. We also know that the phrase “graph the equation” means to 
locate the solution to the given equation in the plane. Consider the equation 


y — 2x = —3. We'll graph six solutions (ordered pairs) to this equation on 
the coordinates system below. We’Il find the solutions by choosing 
x-values (from —1 to + 4), substituting them into the equation 

y — 2a” = —3, and then solving to obtain the corresponding y-values. We 
can keep track of the ordered pairs by using a table. 


y—22=>—3 
Ifx = Then y = Ordered Pairs 
—1 —5 (—1, — 5) 
0 —3 (0, — 3) 
1 —1 (1, —1) 
2 1 (2, 1) 
3 3 (3, 3) 


We have plotted only six solutions to the equation y — 2x = —3. There are, 
as we know, infinitely many solutions. By observing the six points we have 
plotted, we can speculate as to the location of all the other points. The six 
points we plotted seem to lie on a straight line. This would lead us to 
believe that all the other points (solutions) also lie on that same line. Indeed, 
this is true. In fact, this is precisely why first-degree equations are called 
linear equations. 


Linear Equations Produce Straight Lines 
Line 


d 


Linear 


General Form of a Linear Equation 


General Form of a Linear Equation in Two Variables 

There is a standard form in which linear equations in two variables are 
written. Suppose that a, b, and c are any real numbers and that a and b 
cannot both be zero at the same time. Then, the linear equation in two 

variables 


az +by=c 
is said to be in general form. 


We must stipulate that a and 6 cannot both equal zero at the same time, for 
if they were we would have 


Oz = Oy =e 
=e 


This statement is true only if c = 0. If c were to be any other number, we 
would get a false statement. 


Now, we have the following: 


The graphing of all ordered pairs that solve a linear equation in two 
variables produces a straight line. 


This implies, 
The graph of a linear equation in two variables is a straight line. 
From these statements we can conclude, 


If an ordered pair is a solution to a linear equations in two variables, then it 
lies on the graph of the equation. 


Also, 


Any point (ordered pairs) that lies on the graph of a linear equation in two 
variables is a solution to that equation. 


The Intercept Method of Graphing 


When we want to graph a linear equation, it is certainly impractical to graph 
infinitely many points. Since a straight line is determined by only two 
points, we need only find two solutions to the equation (although a third 
point is helpful as a check). 


Intercepts 

When a linear equation in two variables is given in general from, 

ax + by = c, often the two most convenient points (solutions) to fine are 
called the Intercepts: these are the points at which the line intercepts the 
coordinate axes. Of course, a horizontal or vertical line intercepts only one 


axis, so this method does not apply. Horizontal and vertical lines are easily 
recognized as they contain only one variable. (See Sample Set C.) 


y-Intercept 

The point at which the line crosses the y-axis is called the y-intercept. The 
x-value at this point is zero (since the point is neither to the left nor right of 
the origin). 


x-Intercept 

The point at which the line crosses the z-axis is called the x-intercept and 
the y-value at that point is zero. The y-intercept can be found by 
substituting the value 0 for x into the equation and solving for y. The 
x-intercept can be found by substituting the value O for y into the equation 
and solving for x. 


Intercept Method 


Since we are graphing an equation by finding the intercepts, we call this 
method the intercept method 


Sample Set A 


Graph the following equations using the intercept method. 


Example: 
a 2 —— 3 


To find the y-intercept, let x = 0 and y = b. 


b—2(0) = —3 
b-0 = -3 
b= -3 


Thus, we have the point (0, — 3). So, ifa =0, y= b= —3. 
To find the x-intercept, let y = 0 and z = a. 


O0=—2a:-= +3 
—2a = -—3 Divide by -2. 

0-3 

a= 3 


Thus, we have the point (3, 0). SOe diet = A 3, U— 0: 

Construct a coordinate system, plot these two points, and draw a line 
through them. Keep in mind that every point on this line is a solution to the 
equation y— 22 = —3. 


Example: 
ot oO 
To find the y-intercept, let x = 0 and y = b. 


| 
i) 
— 
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— 
+ 
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| 
Ww 


0+3b = 38 
2 
howe 


Thus, we have the point (0, 1). So, ife =0,y=b=1. 
To find the x-intercept, let y = 0 and z = a. 


—2a+3(0) = 38 
20 i 3 
—24 = 3 
a= 4% 
a= -} 

Thus, we have the point (—3, 0). SOME eet —3, Npaalip 


Construct a coordinate system, plot these two points, and draw a line 
through them. Keep in mind that all the solutions to the equation 
—2a + 3y = 3 are precisely on this line. 


Example: 
a eo 
To find the y-intercept, let x = 0 and y = b. 


4(0)+b = 5 
0+6 5 
es 5 
Thus, we have the point (0, 5). So, ife =0,y=b=5. 
To find the x-intercept, let y = 0 and z = a. 


4a+0O0 = 5 
AG eae 
a= 2 


4 
Thus, we have the point (3, 0). SO, tile 2, Ura 
Construct a coordinate system, plot these two points, and draw a line 
through them. 


Practice Set A 


Exercise: 


Problem: Graph 3z + y = 3 using the intercept method. 


Solution: 
When x = 0, y= 3; wheny=0,2=1 


Pt Re 
SEES Seeee 
ttt tt ‘a see 


Graphing Using any Two or More Points 


The graphs we have constructed so far have been done by finding two 
particular points, the intercepts. Actually, any two points will do. We chose 
to use the intercepts because they are usually the easiest to work with. In the 
next example, we will graph two equations using points other than the 
intercepts. We’ll use three points, the extra point serving as a check. 


Sample Set B 


Example: 

L— 3y = —10. 

We can find three points by choosing three x-values and computing to find 
the corresponding y-values. We’ ll put our results in a table for ease of 
reading. 

Since we are going to choose x-values and then compute to find the 
corresponding y-values, it will be to our advantage to solve the given 
equation for y. 


x—3y = —10 Subtract x from both sides. 
—3y = -—x-—10 Divide both sides by — 3. 
a 52 a 2 
x y (x, y) 
ie 1, then 11 
i 1, 2 
y=4(0)+P=44+2-4 ol 
If « = —3, then 7 
=o ‘ ots 
ne a ( ) 
If xc = 3, then 13 
3 3, = 
y=13)+Wa14+R=% 35) 


Thus, we have the three ordered pairs (points), Ge =. (-3, ae 
(3, 3). If we wish, we can change the improper fractions to mixed 
numbers, (ies 2), (—3, 2 a): (3, 4 +). 


Example: 

Az + 4y = 0 
We solve for y. 
4y = —4e 


y = —2 


Notice that the z— and y-intercepts are the same point. Thus the intercept 
method does not provide enough information to construct this graph. 
When an equation is given in the general form az + by = c, usually the 
most efficient approach to constructing the graph is to use the intercept 
method, when it works. 


Practice Set B 


Graph the following equations. 
Exercise: 


Problem: x — 5y = 5 


SERRE USE 
aeeee Seeee8 


Solution: 


Exercise: 


Problem: x + 2y = 6 
BREF USE 
@ a 
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Exercise: 


Problem: 2z + y = 1 


BEREEF USE 
po 


Solution: [missing_resource: C06_S6-3_004.png] 


Slanted, Horizontal, and Vertical Lines 


In all the graphs we have observed so far, the lines have been slanted. This 
will always be the case when both variables appear in the equation. If only 
one variable appears in the equation, then the line will be either vertical or 
horizontal. To see why, let’s consider a specific case: 


Using the general form of a line, ax + by = c, we can produce an equation 
with exactly one variable by choosing a = 0, b = 5, andc = 15. The 
equation az + by = c then becomes 


Or +5y = 15 


Since 0 - (any number) = 0, the term Oz is 0 for any number that is 
chosen for z. 


Thus, 


Or +5y=15 


becomes 

0+5y=15 

But, 0 is the additive identity and 0 + 5y = dy. 

oy = 15 

Then, solving for y we get 

y=3 

This is an equation in which exactly one variable appears. 


This means that regardless of which number we choose for z, the 
corresponding y-value is 3. Since the y-value is always the same as we 
move from left-to-right through the z-values, the height of the line above 
the x-axis is always the same (in this case, 3 units). This type of line must 
be horizontal. 


An argument similar to the one above will show that if the only variable 
that appears is x, we can expect to get a vertical line. 


Sample Set C 


Example: 

Graph y = 4. 

The only variable appearing is y. Regardless of which x-value we choose, 
the y-value is always 4. All points with a y-value of 4 satisfy the equation. 
Thus we get a horizontal line 4 unit above the z-axis. 


—3 4 (—3, 4) 
=o 4 (25M) 
= 4 Els 
0 4 (0, 4) 
1 4 (1, 4) 
2 4 (2, 4) 
3 4 (3, 4) 
4 r (4, 4) 


Example: 

Graph == —=2; 

The only variable that appears is x. Regardless of which y-value we 
choose, the z-value will always be —2. Thus, we get a vertical line two 
units to the left of the y-axis. 


Practice Set C 


Exercise: 


Problem: Graph y = 2. 
pth 


Solution: 
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Exercise: 


Problem: Graph z = —4. 


Summarizing our results we can make the following observations: 


1. When a linear equation in two variables is written in the form 
ax + by = c, we Say it is written in general form. 

2. To graph an equation in general form it is sometimes convenient to use 
the intercept method. 

3. A linear equation in which both variables appear will graph as a 
slanted line. 

4. A linear equation in which only one variable appears will graph as 
either a vertical or horizontal line. 


x = a graphs as a vertical line passing through a on the x-axis. 
y = b graphs as a horizontal line passing through 6 on the y-axis. 


Exercises 


For the following problems, graph the equations. 
Exercise: 


Problem: —3z + y = —1 


= SERERDRERE 


Solution: 


/ 


Exercise: 


Problem: 3x — 2y = 6 


Exercise: 


Problem: —2z + y = 4 


SRS S UGE 
BERR Re RRS 


Solution: 


Exercise: 


Problem: x — 3y = 5 
BREE F USE 
mi 


Exercise: 


Problem: 2x — 3y = 6 


Solution: 
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Exercise: 


Problem: 2x + 5y = 10 


SERRE URE 
See eee 


, aaa 
SRR Rw RR 
Exercise: 


Problem: 3 (x — y) = 9 


Solution: 


Exercise: 


Problem: —2z + 3y = —12 


SRS GF MSA 
HEH Bese 


Exercise: 


Problem: y + z = 1 


sae ARE 


Exercise: 


Problem: 4y — x — 12 = 0 


Exercise: 


Problem: 2z — y+ 4=0 
SG aie 


iE RS EVRA 


Exercise: 


Problem: —2z + 5y = 0 
pth 


Bam 
EB ERERwWEER Ree 
Exercise: 


Problem: y — 5x + 4 = 0 
BERSEF UBER ES 


Solution: 


Exercise: 


Problem: 0x + y = 3 


SERRE URE 
ene ERERE 


. Pit 
SRR wee 
Exercise: 


Problem: 0x + 2y = 2 


Exercise: 


Problem: 0x + = = 


Exercise: 


Problem: 4z + Oy = 16 


Exercise: 


Problem: +a + 0y=—1 


Exercise: 


Problem: og +0y= 1 
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Solution: 
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Exercise: 
Problem: y = 3 


Exercise: 


Problem: y = —2 


Exercise: 


Problem: —4y = 20 


SaF Be 
SRR WR eee 
Exercise: 

Problem: x = —4 


BOSRSF UR 
BRR eee 


Exercise: 


Problem: —3z = —9 


ot th 


Exercise: 


Problem: —zx + 4=—0 
pth 


Solution: 


pg TT : 
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ERR EED 
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Exercise: 
Problem: 


Construct the graph of all the points that have coordinates (a, a), that 
is, for each point, the x— and y-values are the same. 


aan eF Ue 
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ee 


Calculator Problems 


Exercise: 


Problem: 2.53z + 4.77y = 8.45 


Exercise: 


Problem: 1.96z + 2.05y = 6.55 


SRSG8F UGE 
aoe BSS es 


Exercise: 


Problem: 4.12 — 6.6y = 15.5 


SERRE UBS B ee 
ee 
RERSR Ree 


Exercise: 


Problem: 626.01z — 506.73y = 2443.50 


Exercises for Review 


Exercise: 


Problem: 


({link]) Name the property of real numbers that makes 4+ 2 =2+4 
a true statement. 


Solution: 


commutative property of addition 
Exercise: 
Problem: 


({link]) Supply the missing word. The absolute value of a number a, 
denoted |a|, is the from a to 0 on the number line. 


Exercise: 


Problem: ([link]) Find the product (32 + 2) (a — 7). 
Solution: 


3x27 — 192 —14 


Exercise: 


Problem: ([link]) Solve the equation 3 [3 (x — 2) + 4a] — 24 = 0. 
Exercise: 


Problem: 


({link]) Supply the missing word. The coordinate axes divide the plane 
into four equal regions called . 


Solution: 


quadrants 


Solving Systems of Linear Equations by Elimination 

This module is from Elementary Algebra by Denny Burzynski and Wade Ellis, Jr. Beginning with the graphical 
solution of systems, this chapter includes an interpretation of independent, inconsistent, and dependent systems 
and examples to illustrate the applications for these systems. The substitution method and the addition method of 
solving a system by elimination are explained, noting when to use each method. The five-step method is again 
used to illustrate the solutions of value and rate problems (coin and mixture problems), using drawings that 
correspond to the actual situation. Objectives of this module: know the properties used in the addition method, be 
able to use the addition method to solve a system of linear equations, know what to expect when using the addition 
method with a system that consists of parallel or coincident lines. 


Overview 


e The Properties Used in the Addition Method 
e The Addition Method 
e Addition and Parallel or Coincident Lines 


The Properties Used in the Addition Method 
Another method of solving a system of two linear equations in two variables is called the method of elimination 
by addition. It is similar to the method of elimination by substitution in that the process eliminates one equation 


and one variable. The method of elimination by addition makes use of the following two properties. 


1. If A, B, and C are algebraic expressions such that 


and 
Ae 
Cap then 
A+C = B+D 


Property 1 states that if we add the left sides of two equations together and the right sides of the same two 
equations together, the resulting sums will be equal. We call this adding equations. Property 2 states that the sum 
of two opposites is zero. 


The Addition Method 
To solve a system of two linear equations in two variables by addition, 


1. Write, if necessary, both equations in general form, ax + by = c. 

2. If necessary, multiply one or both equations by factors that will produce opposite coefficients for one of the 
variables. 

3. Add the equations to eliminate one equation and one variable. 

. Solve the equation obtained in step 3. 

5. Do one of the following: 
(a) Substitute the value obtained in step 4 into either of the original equations and solve to obtain the value of 
the other variable, 
or 
(b) Repeat steps 1-5 for the other variable. 

6. Check the solutions in both equations. 

7. Write the solution as an ordered pair. 


& 


The addition method works well when the coefficient of one of the variables is 1 or a number other than 1. 


Sample Set A 


Example: 
—y=2 1 
solve { es ”) 


3r+y=14 = (2) 
Step 1: Both equations appear in the proper form. 


Step 2: The coefficients of y are already opposites, 1 and —1, so there is no need for a multiplication. 


Step 3: Add the equations. 


Z—y=2 
3a+y=14 
42+0=16 


Step 4: Solve the equation 4z = 16. 
4x = 16 
uA 
The problem is not solved yet; we still need the value of y. 


Step 5: Substitute z = 4 into either of the original equations. We will use equation 1. 


4—-y = 2 Solvefor y. 
-y = -2 
Uo 2 


We now have z = 4, y= 2. 


Step 6: Substitute z = 4 and y = 2 into both the original equations for a check. 


(LP ee (2) 37-+y = 14 
4— 2 = «2 Is this correct? 3(4)+2 = 14 Is this correct? 
2 = 2 Yes, this is correct. 124+2 = 14 Is this correct? 


14 = 14 Yes, thisiscorrect. 
Step 7: The solution is (4, 2). 


The two lines of this system intersect at (4, 2). 


Practice Set A 


Solve each system by addition. 
Exercise: 


Problem: {* Tee 
22 —y=0 


Solution: 


(2,4) 


Exercise: 


x + by = 8 


Problem: { 
—xa—2y=0 


Solution: 


(—4, 2) 


Sample Set B 


Solve the following systems using the addition method. 


Example: 
soe £ 82 8b= 14 (1) 
ey ogo 10) 


Step 1: The equations are already in the proper form, ax + by = c. 


Step 2: If we multiply equation (2) by —3, the coefficients of a will be opposites and become 0 upon addition, 
thus eliminating a. 


6a —5b= 14 _,  [ea—bb= 14 
3 (2a + 2b) = —3 (10) —6a — 6b = 30 


Step 3: Add the equations. 
6a—5b=14 
—6a—6b=30 
0—11b=44 


Step 4: Solve the equation —11b = 44. 


—11b = 44 
b= —4 


Step 5: Substituteb = —4 into either of the original equations. We will use equation 2. 


2a+2(—4) = -10  Solvefora. 
2a—8 = -10 
20... 2 
a 
We now have a = —1 andb = —4. 


Step 6: Substitute a = —1 and b = —4 into both the original equations for a check. 


(1) 6a—5b = 14 (2) 2a+2b = -10 
6(—1) —5(—4) = 14 Isthiscorrect? 2(—1) + 2(—4) =  -10 Isthiscorrect? 
—6+20 = 14 Isthiscorrect? —2-—8 = —10 Isthiscorrect? 
14 = 14 Yes, thisis correct. —10 = -10 Yes, this is correct. 


Step 7: The solution is (—1, —4). 


4x = 5y+ 10 (2) 
Step 1: Rewrite the system in the proper form. 


fe +2y=-4 (1) 

Az — 5y = 10 (2) 

Step 2: Since the coefficients of y already have opposite signs, we will eliminate y. 
Multiply equation (1) by 5, the coefficient of y in equation 2. 
Multiply equation (2) by 2, the coefficient of y in equation 1. 


5 (8x + 2y) = 5 (—4) 152 + 10y = —20 
2 (4x — 5y) = 2 (10) 82 — 10y = 20 


Step 3: Add the equations. 


152+10y=—20 
8x—10y=20 
232+0=0 
Step 4: Solve the equation 232 = 0 
Pe 0) 
a) 


Step 5: Substitute z = 0 into either of the original equations. We will use equation 1. 


aes wy = =! 
3(0)+2y = -4 Solve for y. 

0->2Zy — 4 

i — 2 


We now have z = 0 and y = —2. 
Step 6: Substitution will show that these values check. 


Step 7: The solution is (0, —2). 


Practice Set B 


Solve each of the following systems using the addition method. 
Exercise: 


3a +y=1 
Problem: 
ba + y= 
Solution: 
(1, —2) 
Exercise: 
4y=1 
Problem: { wey 
x—2y=—-5 
Solution: 
(3, 1) 
Exercise: 
2x + 3y = —10 
Problem: i 2 
—x+2y= —2 
Solution: 
cs —2) 
Exercise: 
Problem: pe Sy I 
8% — by = 4 
Solution: 
(aL —2) 


Exercise: 


Problem: oe Ou 
4x + 8y = 12 

Solution: 

(3, 0) 


Addition And Parallel Or Coincident Lines 


When the lines of a system are parallel or coincident, the method of elimination produces results identical to that 
of the method of elimination by substitution. 


Addition and Parallel Lines 


If computations eliminate all variables and produce a contradiction, the two lines of the system are parallel and the 
system is called inconsistent. 


Addition and Coincident Lines 


If computations eliminate all variables and produce an identity, the two lines of the system are coincident and the 
system is called dependent. 


Sample Set C 


Example: 
2) —_ = 
Solve en (1) 
4g —2y=4 (2) 
Step 1: The equations are in the proper form. 


Step 2: We can eliminate x by multiplying equation (1) by —2. 


2 (2x — y) = —2(1) a —4¢ ++ 2y = =2 
45 — 24 —4 Ay — 24 —4 


Step 3: Add the equations. 


This is false and is therefore a contradiction. The lines of this system are parallel. This system is inconsistent. 


Example: 


eae 4e+8y=8 (1) 
3r+6y=6 (2) 


Step 1: The equations are in the proper form. 


Step 2: We can eliminate x by multiplying equation (1) by —3 and equation (2) by 4. 


3(4e +8y)=—3(8) — f —12@ — 2dy = —24 
4 (3x + 6y) = 4(6) 122 + 24y = 24 


Step 3: Add the equations. 


—12%—24y=—24 
12%+24y=24 
0+0=0 
0=0 


This is true and is an identity. The lines of this system are coincident. 


This system is dependent. 


Practice Set C 


Solve each of the following systems using the addition method. 
Exercise: 


Problem: =e ae 
—64+12y=1 
Solution: 
inconsistent 
Exercise: 
Ar — =— 
Problem: i aPe : 
x—Ty=-1 
Solution: 
dependent 
Exercises 


For the following problems, solve the systems using elimination by addition. 
Exercise: 


=11 
Problem: { oy 
z-y=-l 
Solution: 
(5, 6) 
Exercise: 


z+ 3y=13 


Problem: 
eH sy = 11 


Exercise: 


2 AR p= A 
Problem: Bey 
—4z + By = 2 
Solution: 
(2, 2) 
Exercise: 
Problem: { apa cae 
5a + Ty = —22 
Exercise: 
Problem: i 
32 — Ty = 42 
Solution: 
(0, —6) 
Exercise: 
8x + by = 3 
Problem: 
nee a Jiyes 
Exercise: 
, 2y = —6 
Problem: ney 
z+3y=—-—4 
Solution: 
(2, —2) 
Exercise: 


4r+y=0 
Problem: 
3x +y=0 
Exercise: 
= -4 
Problem: " ies 
—xz—y=A4 
Solution: 
dependent 
Exercise: 
—22 — 3y= —6 
Problem: 
2x + 3y=6 


Exercise: 


4 = 
Problem: tae cee 
z+5y=6 
Solution: 
(1, 1) 
Exercise: 
Problem: ee 
Tx + 4y = 26 
Exercise: 
Problem: a an 
ba — 2y= —14 
Solution: 
(=2; 2) 
Exercise: 
5a — 3y = 20 
Problem: 
—x“+6y=—-4 
Exercise: 
6 2y = —18 
Problem: ee 4 
—xz+5y=19 
Solution: 
(—4, 3) 
Exercise: 
aoe z—lly=17 
raat ime yer 
Exercise: 
earn. —2x + 3y = 20 
roblem: 3x + 2y = 15 
Solution: 
(1, 6) 
Exercise: 
—5 2y= —4 
Problem: Dreey 
—3z — 5y = 10 


Exercise: 


—32 —4y =2 
Problem: ge 4 
—9xr —12y=6 
Solution: 
dependent 
Exercise: 
Problem: ia ms 
—4x — 2y = —20 
Exercise: 
Problem: eos 
10z — Ty = 3 
Solution: 
(1,1) 
Exercise: 
—4¢ + 12y = 
Problem: = a2 
—8x+16y=0 
Exercise: 
Problem: ak cies 
12z + 4y=6 
Solution: 
inconsistent 
Exercise: 
Problem: a aaa 
—32 — 3y = 12 
Exercise: 
2 =] 
Problem: ape a 
32+ 12y= 15 
Solution: 
dependent 
Exercise: 
Problem: ser Od 8 
6x2 + 8y = 12 


Exercise: 


1 2y = 2 
Problem: Her ey 
—15z —- 3y=3 
Solution: 
inconsistent 
Exercise: 
e+ ay=—2 
Problem 3 __7 
5 5 
Exercise: 
1 4 
r+ay=75 
Problem: Is - 
Sag 
Solution: 
(0, 4) 
Exercise: 
8a — 3y = 25 
Problem: 
4x — 5y=—-5 
Exercise: 
—10z — 4y = 72 
Problem: 
9x + 5y = 39 
Solution: 
258 519 
(—47, 277) 
Exercise: 
12 16y = —36 
Problem: eee 
—10z + 12y = 30 
Exercise: 
Probl 25a — 32y = 14 
roblem: 
—50z + 64y = —28 
Solution: 
dependent 


Exercises For Review 


Exercise: 


Problem:({link]) Simplify and write (Qa~%y A? (2ry~°) ~° so that only positive exponents appear. 


Exercise: 
Problem: ({link]) Simplify V8 + 3/50. 
Solution: 
17/2 

Exercise: 


Problem:([link]) Solve the radical equation /22 +3+5= 8. 


Exercise: 


rt+y=4 


Problem: ({link]) Solve by graphing 
an = y = 0 


| 
| 
| 
|| 
a 
x 
“a 
™ 
| 
| 
| 
| 
Exercise: 
: ; ee 3x — 4y = —11 
Problem:([link]) Solve using the substitution method: 
bz+y=—-3 


Solving Systems of Linear Equations by Substitution 

This module is from Elementary Algebra by Denny Burzynski and Wade Ellis, Jr. Beginning with the 
graphical solution of systems, this chapter includes an interpretation of independent, inconsistent, and 
dependent systems and examples to illustrate the applications for these systems. The substitution 
method and the addition method of solving a system by elimination are explained, noting when to use 
each method. The five-step method is again used to illustrate the solutions of value and rate problems 
(coin and mixture problems), using drawings that correspond to the actual situation. Objectives of this 
module: know when the substitution method works best, be able to use the substitution method to 
solve a system of linear equations, know what to expect when using substitution with a system that 
consists of parallel lines. 


Overview 


e When Substitution Works Best 

e The Substitution Method 

e Substitution and Parallel Lines 

e Substitution and Coincident Lines 


When Substitution Works Best 


We know how to solve a linear equation in one variable. We shall now study a method for solving a 
system of two linear equations in two variables by transforming the two equations in two variables 
into one equation in one variable. 


To make this transformation, we need to eliminate one equation and one variable. We can make this 
elimination by substitution. 


When Substitution Works Best 
The substitution method works best when either of these conditions exists: 


1. One of the variables has a coefficient of 1, or 
2. One of the variables can be made to have a coefficient of 1 without introducing fractions. 


The Substitution Method 


The Substitution Method 
To solve a system of two linear equations in two variables, 


1. Solve one of the equations for one of the variables. 

2. Substitute the expression for the variable chosen in step 1 into the other equation. 

3. Solve the resulting equation in one variable. 

4. Substitute the value obtained in step 3 into the equation obtained in step 1 and solve to obtain the 
value of the other variable. 

5. Check the solution in both equations. 

6. Write the solution as an ordered pair. 


Sample Set A 


Example: 
e+3y=14 (1) 


rt+y=7 (2) 


2 
Solve the system . 


Step 1: Since the coefficient of y in equation 2 is 1, we will solve equation 2 for y. 
y=—3z24+7 

Step 2: Substitute the expression —3z + 7 for y in equation 1. 
22 +3(-32+7)=14 

Step 3: Solve the equation obtained in step 2. 


22+3(-32+7) = 14 
20 ee oh 


i ee 
i 
z= 1 
Step 4: Substitute z = 1 into the equation obtained in step 1, y= —3z + 7. 
y = —3(1)4+7 
ee eh, 
eee 


We now have x = 1 andy = 4. 


Step 5: Substitute z = 1, y = 4 into each of the original equations for a check. 


(1) 2r+3y = 14 (2) 38r+y = 7 
2(1) + 3(4) = 14 Isthiscorrect? 3(1)+ (4) = 7 Isthiscorrect? 
2+12 = 14 Isthiscorrect? 3+4 = 7 Isthiscorrect? 
14 = 14 Yes, this is correct. 7 = 7 Yes, thisis correct. 


Step 6: The solution is (1, 4). The point (1, 4) is the point of intersection of the two lines of the 
system. 


Practice Set A 


Exercise: 


oz — 8y = 18 


Problem:S| th t 
robiem ove esystem {a y= 7 


Solution: 


The point (2, —1) is the point of intersection of the two lines. 


Substitution And Parallel Lines 


The following rule alerts us to the fact that the two lines of a system are parallel. 


Substitution and Parallel Lines 


If computations eliminate all the variables and produce a contradiction, the two lines of a system are 
parallel, and the system is called inconsistent. 


Sample Set B 


Example: 
2a (1) 


Solve the system ee ee (2) 


Step 1: Solve equation 1 for y. 
1 


22 —y = 
fee 
y = Me= 1 


Step 2: Substitute the expression 2x — 1 for y into equation 2. 
4g —2(24 —1)=4 


Step 3: Solve the equation obtained in step 2. 
4x—4r4+2 = 4 
Pie = te 


Computations have eliminated all the variables and produce a contradiction. These lines are parallel. 


CPA 
COO av 
5a a4 


This system is inconsistent. 


Practice Set B 
Exercise: 


7x — 3y=2 


Problem: Slove the system 
147 —6y=1 


Solution: 


Substitution produces 4 ¥ 1, or $ # 2, a contradiction. These lines are parallel and the system 
is inconsistent. 


Substitution And Coincident Lines 
The following rule alerts us to the fact that the two lines of a system are coincident. 


Substitution and Coincident Lines 
If computations eliminate all the variables and produce an identity, the two lines of a system are 
coincident and the system is called dependent. 


Sample Set C 


Example: 


4g +8y=8 (1) 
Solve the system 3 


z+6y=6 (2) 
Step 1: Divide equation 1 by 4 and solve for z. 
8 


42+ 8y = 
e+2y = 2 
= =AYsPz 


Step 2: Substitute the expression —2y + 2 for x in equation 2. 
3(—2y+ 2) + 6y=6 


Step 3: Solve the equation obtained in step 2. 
3(—2y+2)+6y = 6 
—6y+6+6y = 6 
C240 


Computations have eliminated all the variables and produced an identity. These lines are coincident. 
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This system is dependent. 


Practice Set C 


Exercise: 
4 sy = 1 
Problem: Solve the system ae 
—8z — by = —2 
Solution: 
Computations produce —2 = —2, an identity. These lines are coincident and the system is 
dependent. 


Systems in which a coefficient of one of the variables is not 1 or cannot be made to be 1 without 
introducing fractions are not well suited for the substitution method. The problem in Sample Set D 
illustrates this “messy” situation. 


Sample Set D 


Example: 

sey bd) 
4r —3y=3 (2) 
Step 1: We will solve equation (1) for y. 


Solve the system { 


Sve se 2 = Il 
2y = —3zr+1 
y= Sats 


Step 2: Substitute the expression 2 2 + + for y in equation (2). 
4e — 3 (32+ 4) =3 


Step 3: Solve the equation obtained in step 2. 
4c —3(=22+ 35) = 3 Multiply bothsidesby the LCD, 2. 


4en+fae—3 = 8 
8&+9%—3 = 6 
Veo. 6 
Af eae 

a 

c= 


Step 4: Substitute z = = into the equation obtained in step 1, y = Sa + +: 


y= a Gr) +2 


— =27 1 17 _ =-10 _ =5 
ae eT ear 34 We oy 
We now have « = 77 andy = +. 


Step 5: Substitution will show that these values of z and y check. 
Step 6: The solution is (2, =). 

Practice Set D 

Exercise: 


9x — By = —4 
Problem: Solve the system . y 

2e-- fy ==—9 
Solution: 


These lines intersect at the point (—1, —1). 


Exercises 


For the following problems, solve the systems by substitution. 
Exercise: 


| 
O 


3x + 2y 
Problem: 
a em: So egg 


Solution: 


(1, 3) 


Exercise: 


Problem: ea <0 
y = —4¢+412 
Exercise: 
2 2y = 
Problem: ee 
x = 3y-—4 
Solution: 
(=I) 
Exercise: 
Problem: Se OU SY 
x = 4Ay-—14 
Exercise: 
< Say 
Problem: ood 
26-2 3y = 10 
Solution: 
(2, 2) 
Exercise: 
—4 = —7 
Problem: aed 
2z+5y = 9 
Exercise: 
Probl 6x2 —-6 = 18 
roblem: 
xe+3y = 3 
Solution: 
(4,-3) 
Exercise: 
Problem: 2 _ Sa 
2z2+y = 5 


Exercise: 


—ba+y = 4 


Problem: 
10z-—2y = —- 


Solution: 


Dependent (same line) 


Exercise: 
4 
Problem: was 
—3x — 12y 
Exercise: 
4r —2y = 
Problem: . y ; 
6z+3y = 0 
Solution: 
(i, —2) 
Exercise: 
2a + = i112 
Problem: Boy 
2z+4y = 18 
Exercise: 
Problem: re 
6x —18y = 5 
Solution: 


inconsistent (parallel lines) 


Exercise: 
= Any. 
Problem: Bay ‘ 
sz —1l2y = 10 
Exercise: 
Problem: 1 i 
zx-y = 4 
Solution: 


(=); =5) 


Exercise: 


2 = 
Problem: oor Y 
z—3y = 0 
Exercise: 
4r —2y = 
Problem: : y i 
utd 
Solution: 
15 
(4) 
Exercise: 
6y = I1 
Problem: . ey 
x = —-l 
Exercise: 
2z—4y = 10 
Problem: 
32 = dy + 12 
Solution: 
(=1, —3) 
Exercise: 
re 4 = 
Problem: mm 
£=—Ty + 28 
Exercise: 
z+4y=0 
Problem: 9 10 
SS Ba Bs 
Solution: 
(4, —1) 
Exercise: 
xz = 24— dy 
Problem: 5 3 
Oe Ae ye 


Exercise: 


xz =11-6y 


Problem: 
3z + 18y = —33 


Solution: 


inconsistent (parallel lines) 


Exercise: 
Q2+iy=4 
Problem: 34 
3x + by = 39 
Exercise: 
4 1 3 
=2r7+ aU —p 
Probl : : . 
gc 9d es 
Solution: 
(1, =1) 
Exercise: 
L—- sy = 
Problem: 3 3 
—3zr+y = 1 


Exercises For Review 


Exercise: 


Problem: ([link]) Find the quotient: waa-12 + 230-10 | 


a?—2¢—-15 x?-22-8 

Solution: 

(w—4)’ 

(a—5)” 
Exercise: 

: . . 2 1 

Problem: ((link]) Find the difference: aoe = Zk = 

Exercise: 


Problem:([link]) Simplify —\/8128y5z4. 


Solution: 


—9aty’z”,/y 


Exercise: 


Problem:({link]) Use the quadratic formula to solve 2x? + 2x — 3 = 0. 


Exercise: 


Introduction to Systems of Linear Equations: Solving by Graphing 

This module is from Elementary Algebra by Denny Burzynski and Wade Ellis, Jr. Beginning with 
the graphical solution of systems, this chapter includes an interpretation of independent, 
inconsistent, and dependent systems and examples to illustrate the applications for these systems. 
The substitution method and the addition method of solving a system by elimination are 
explained, noting when to use each method. The five-step method is again used to illustrate the 
solutions of value and rate problems (coin and mixture problems), using drawings that correspond 
to the actual situation. Objectives of this module: be able to recognize a system of equations and a 
solution to it, be able to graphically interpret independent, inconsistent, and dependent systems, 
be able to solve a system of linear equations graphically. 


Overview 


e Systems of Equations 

e Solution to A System of Equations 

¢ Graphs of Systems of Equations 

e Independent, Inconsistent, and Dependent Systems 
e The Method of Solving A System Graphically 


Systems of Equations 


Systems of Equations 
A collection of two linear equations in two variables is called a system of linear equations in 
two variables, or more briefly, a system of equations. The pair of equations 


o@ — 2y=5 
x+y=8 


is a system of equations. The brace { is used to denote that the two equations occur together 
(simultaneously). 


Solution to A System of Equations 


Solution to a System 

We know that one of the infinitely many solutions to one linear equation in two variables is an 
ordered pair. An ordered pair that is a solution to both of the equations in a system is called a 
solution to the system of equations. For example, the ordered pair (3, 5) is a solution to the 
system 


a2 — 2y = 5 
z+y=8 


since (3, 5) is a solution to both equations. 


5a —2y = 5 gy = Ss 
5(3) — 2(5) = 5 Isthiscorrect? 3+5 = 8 Isthiscorrect? 
15—10 = 5 Isthiscorrect? 8 = 8 Yes, this is correct. 
5 = 5 Yes,thisiscorrect. 


Graphs of Systems of Equations 


One method of solving a system of equations is by graphing. We know that the graph of a linear 
equation in two variables is a straight line. The graph of a system will consist of two straight 
lines. When two straight lines are graphed, one of three possibilities may result. 


Example: 
The lines intersect at the point (a, b). The point (a, b) is the solution to the corresponding 
system. 


Example: 
The lines are parallel. They do not intersect. The system has no solution. 


Example: 
The lines are coincident (one on the other). They intersect at infinitely many points. The system 
has infinitely many solutions. 


Independent, Inconsistent, and Dependent Systems 

Independent Systems 

Systems in which the lines intersect at precisely one point are called independent systems. In 
applications, independent systems can arise when the collected data are accurate and complete. 
For example, 

The sum of two numbers is 10 and the product of the two numbers is 21. Find the numbers. 

In this application, the data are accurate and complete. The solution is 7 and 3. 

Inconsistent Systems 

Systems in which the lines are parallel are called inconsistent systems. In applications, 


inconsistent systems can arise when the collected data are contradictory. For example, 


The sum of two even numbers is 30 and the difference of the same two numbers is 0. Find the 
numbers. 


The data are contradictory. There is no solution to this application. 

Dependent Systems 

Systems in which the lines are coincident are called dependent systems. In applications, 
dependent systems can arise when the collected data are incomplete. For example. 


The difference of two numbers is 9 and twice one number is 18 more than twice the other. 


The data are incomplete. There are infinitely many solutions. 


The Method of Solving A System Graphically 


The Method of Solving a System Graphically 


To solve a system of equations graphically: Graph both equations. 


1. If the lines intersect, the solution is the ordered pair that corresponds to the point of 
intersection. The system is independent. 

2. If the lines are parallel, there is no solution. The system is inconsistent. 

3. If the lines are coincident, there are infinitely many solutions. The system is dependent. 


Sample Set A 


Solve each of the following systems by graphing. 


Example: 
i +y=5 (1) 
ey 2. 2) 
Write each equation in slope-intercept form. 


(1) —2e+y=5 (2) #e+y=2 
Cor Cae 
Graph each of these equations. 


Check: Substitute 2 = —1, y = 3 into each equation. 


ly SSE (2) ety = 2 
—2(-1)+3 5 Isthis correct? =o 
2+3 5 Isthis correct? 2 = 2 Yes, thisis correct. 

5 = 5 Yes, thisiscorrect. 


2 Isthis correct? 


Example: 
fe +y=-1 (1) 
=i — 2 (2) 
Write each equation in slope-intercept form. 


| 
wo 


(1) -#+y = -1 (2) -#+y = 


Ue aa y 
Graph each of these equations. 


xr+2 


These lines are parallel. This system has no solution. We denote this fact by writing inconsistent. 


We are sure that these lines are parallel because we notice that they have the same slope, m = 1 
for both lines. The lines are not coincident because the y-intercepts are different. 


Example: 
—24+3y=-2 (1) 
oe +9y=-6 (2) 
Write each equation in slope-intercept form. 
(1) —22+3y = —2 (2) -62+9y 
9y 


a aa 


I 1 
2 | 
i fon 
fon 


| 


Both equations are the same. This system has infinitely many solutions. We write dependent. 


Practice Set A 


Solve each of the following systems by graphing. Write the ordered pair solution or state that the 
system is inconsistent, or dependent. 
Exercise: 


SRR aah Bea 
Solution: 
f= 2.97= 3 


Sa. SP Jee eS 
| ae 


| | 
Sie sk 


SRO) VER 
Exercise: 
_92 = 
Problem: Ese 8 
6x — 9y = —18 


Solution: 


dependent 


Exercise: 


32 + Sy = 15 


Problem: 
9x + 15y = 15 


TOTP 
Se Sh 


Solution: 


inconsistent 


Exercises 


For the following problems, solve the systems by graphing. Write the ordered pair solution, or 
state that the system is inconsistent or dependent. 
Exercise: 


Solution: 
( = 3, _ 2) 
cots 2380" e 


Exercise: 


Solution: 


Exercise: 


Problem: 
4x — 38y = 12 


HERRERO 
BESHS) SESE 


Exercise: 


SEEGEP MARRS 
BSG Sh BER 


Solution: 


These coordinates are hard to estimate. This problem illustrates that the graphical method is 
not always the most accurate. (—6, 6) 


| || 
A 
SS 

& 


Exercise: 


x 
Problem: 
4x + 4y = —12 


She 
am 
a 

@ 


Solution: 


inconsistent 


Exercise: 


Problem: { 


Exercise: 


Problem: ied 
32 — 6y = 18 


SEGRE? UR ae 
ESSE eh SER 


Solution: 


dependent 


[TIT Ty 

See wi 
Beas 
HH 
| | | 
—- 
amie 
2, + 2) | 
| I | 
Bae 
Pee 


Exercise: 


Problem: { 


—10x — 15y = 30 


Exercises For Review 


Exercise: 


Problem: ({link]) Express 0.000426 in scientific notation. 


Solution: 


4.26 x 10~4 


Exercise: 


Problem:({link]) Find the product: (7x — 3)”. 
Exercise: 


Problem: 
({link]) Supply the missing word. The of a line is a measure of the steepness of the line. 
Solution: 


slope 
Exercise: 
Problem: 
([link]) Supply the missing word. An equation of the form az? + br +c =0,a £0, is 
called a equation. 


Exercise: 


Problem:([link]) Construct the graph of the quadratic equation y = x? — 3. 


Addition and Subtraction of Polynomials 

This module is from Elementary Algebra by Denny Burzynski and Wade 
Ellis, Jr. Operations with algebraic expressions and numerical evaluations 
are introduced in this chapter. Coefficients are described rather than merely 
defined. Special binomial products have both literal and symbolic 
explanations and since they occur so frequently in mathematics, we have 
been careful to help the student remember them. In each example problem, 
the student is "talked" through the symbolic form. Objectives of this 
module: understand the concept of like terms, be able to combine like 
terms, be able to simplify expressions containing parentheses. 


Overview 


e Like Terms 
e Combining Like Terms 
e Simplifying Expressions Containing Parentheses 


Like Terms 


Like Terms 

Terms whose variable parts, including the exponents, are identical are called 
like terms. Like terms is an appropriate name since terms with identical 
variable parts and different numerical coefficients represent different 
amounts of the same quantity. As long as we are dealing with quantities of 
the same type we can combine them using addition and subtraction. 


Simplifying an Algebraic Expression 
An algebraic expression can be simplified by combining like terms. 


Sample Set A 


Combine the like terms. 


Example: 


6 houses + 4houses = 10 houses. 6 and 4 of the same type give 10 of 
that type. 


Example: 

6 houses + 4 houses + 2 motels = 10 houses + 2 motels . 6 and 4 of the 
same type give 10 of that type. Thus, we have 10 of one type and 2 of 
another type. 


Example: 
Suppose we let the letter x represent "house." Then, 62 + 4x = 10z .6 
and 4 of the same type give 10 of that type. 


Example: 
Suppose we let z represent "house" and y represent "motel." 
Equation: 


6z + 4x + 2y = 10x 4+ 2y 


Practice Set A 
Like terms with the same numerical coefficient represent equal amounts of 


the same quantity. 
Exercise: 


Problem: Like terms with different numerical coefficients represent . 


Solution: 


different amounts of the same quantity 


Combining Like Terms 


Since like terms represent amounts of the same quantity, they may be 
combined, that is, like terms may be added together. 


Sample Set B 


Simplify each of the following polynomials by combining like terms. 


Example: 

2a + 5a + 3a. 

There are 2x/s, then 5 more, then 3 more. This makes a total of 10z/s. 
2x2 + 5x+ 3x2 = 10x 


Example: 

Mp Sy — Sr. 

From 7z/s, we lose 3a/s. This makes 4z/s. The 8y/s represent a quantity 
different from the x/s and therefore will not combine with them. 

Tz + 8y — 3a = 4a + 8y 


Example: 

4a? — 2a? + 8a? + a? — 2a?. 

4a, 8a°, and —2a? represent quantities of the same type. 
da? + 8a? — 2a? = 10a? 

—2a? and a? represent quantities of the same type. 

Joe ha = a" 

Thus, 

Aa ea oa = Wo a 


Practice Set B 


Simplify each of the following expressions. 
Exercise: 


Problem: 4y + 7y 
Solution: 
lly 

Exercise: 
Problem: 3x + 62 + 1lzx 
Solution: 
20x 

Exercise: 


Problem: 5a + 2b + 4a — b — 7b 


Solution: 


9a — 6b 


Exercise: 


Problem: 102° — 4x? + 32? — 12x”° + 52? + 274+ 2°+ 8x 
Solution: 


—5a? + 8x? + 10x 


Exercise: 


Problem: 2a° — a® + 1 — 4ab — 9 + 9ab — 2 — 3 —a? 


Solution: 


5ab — 13 


Simplifying Expressions Containing Parentheses 


Simplifying Expressions Containing Parentheses 

When parentheses occur in expressions, they must be removed before the 
expression can be simplified. Parentheses can be removed using the 
distributive property. 


Distributive Property 


a(b+c)=ab+ac 
VY 


Sample Set C 


Simplify each of the following expressions by using the distributive 
property and combining like terms. 


Example: 

6a + 5(a + 3) Multiply. 

6a + 5a + 15 Combine the like terms 6a and 5a. 
lla +15 

Example: 


4x + 9(x? — 6x —2)+5 Remove parentheses. 
4e + 9a? — 542 —18+5 Combine like terms. 
—50a + 927 — 13 


By convention, the terms in an expression are placed in descending order 
with the highest degree term appearing first. Numerical terms are placed at 
the right end of the expression. The commutative property of addition 
allows us to change the order of the terms. 

Ox? — 502 — 13 


Example: 

2+ 2[5+ 4(1 + a)| 

Eliminate the innermost set of parentheses first. 

2+2[5+4+ 4a] 

By the order of operations, simplify inside the parentheses before 
multiplying (by the 2). 

2+2/9+ 4a] Remove this set of parentheses. 

2+18+8a Combineliketerms. 

20+ 8a Write in descending order. 


8a + 20 


Example: 

£2 — 3) OL(2e 3) 

Use the rule for multiplying powers with the same base. 
x? — 3” +12274+ 182 Combine like terms. 


132? + 15a 


Practice Set C 
Simplify each of the following expressions by using the distributive 


property and combining like terms. 
Exercise: 


Problem: 4(z + 6) + 3(2 + x + 3x?) — 22? 


Solution: 
7x? + 7x + 30 
Exercise: 
Problem: 7(a + x°) — 4x° — «+ 1+ 4(x? — 22? + 7) 
Solution: 
—5x? + 4x? + 6a + 29 
Exercise: 
Problem: 5(a + 2) + 6a — 7+ (8+ 4) (a+ 3a + 2) 


Solution: 


59a + 27 


Exercise: 


Problem: x(x + 3) + 4x” + 2x 
Solution: 


5a? + 5a 


Exercise: 
Problem: a*(a* + a+ 5) +a(a*+3a*+4) +1 
Solution: 


Ia ba + 8a" 4+ 4a 1 


Exercise: 


Problem: 2/8 — 3(x — 3)| 
Solution: 


—6xr + 34 


Exercise: 


Problem: x? + 3x + 7[x + 4a? + 3(x + 2”)| 
Solution: 


50a? + 31x 


Exercises 


For the following problems, simplify each of the algebraic expressions. 
Exercise: 


Problem: xz + 32 


Solution: 


Ar 


Exercise: 


Problem: 4z + 7x 


Exercise: 


Problem: 9a + 12a 


Solution: 


2la 


Exercise: 


Problem 


Exercise: 


Problem 


:5m — 3m 


: 10x — 7x 


Solution: 


32 


Exercise: 


Problem 


Exercise: 


Problem 


: Ty — Oy 


:6k—11k 


Solution: 


—bdk 


Exercise: 


Problem 


Exercise: 


Problem 


>:3a+5a+ 2a 


> 9y+ 10y+ 2y 


Solution: 


21ly 


Exercise: 


Problem 


:5m — 7m — 2m 


Exercise: 


Problem 


sh—3h—5h 


Solution: 


—Th 


Exercise: 


Problem 


Exercise: 


Problem 


:a+8a-+ 3a 


: Tab + 4ab 


Solution: 


llab 


Exercise: 


Problem 


Exercise: 


Problem 


: 8ax + 2ax + bax 


> 3a? + 6a? + 2a? 


Solution: 


11a? 


Exercise: 


Problem 


Exercise: 


: 14a7b + 4a2b + 19ab 


Problem: 10y — 15y 
Solution: 


Exercise: 


Problem: 7ab — 9ab + 4ab 
Exercise: 


Problem: 


210ab* + 412ab* + 100a*b (Look closely at the exponents. ) 


Solution: 


622ab* + 100a*b 
Exercise: 


Problem: 


5a2y? + 3a7y + 2n7y+1, y4#0 (Look closely at the exponents.) 


Exercise: 


Problem: 8w? — 12w? — 3w” 


Solution: 


—Tw" 


Exercise: 


Problem: 6zy — 3xy + 7xy — 18zxy 


Exercise: 


Problem: 7x? — 2x? — 10x + 1 — 52? — 322? —124+ 2 
Solution: 


Ar? — 7x? — 9x — 11 


Exercise: 


Problem: 21y — 152 + 40xy — 6 — lly+ 7 — 12% — zy 


Exercise: 
Problem: lz + ly—lx—ly+2-y 
Solution: 


LY 
Exercise: 


Problem: 5x? — 3x — 7+ 227-2 


Exercise: 


Problem: —2z? + 15z + 42° + 27 — 627+ 2z 
Solution: 


22° — 5z2 + 162 


Exercise: 


Problem: 18x7y — 14x7y — 20xy 


Exercise: 


Problem: —9w® — 9w* — 9w® + 10w* 


Solution: 
—18w> + w* 


Exercise: 


Problem: 224 + 42° — 8x? + 127 — 1 — 7x° —12*-—6r+4+2 


Exercise: 


Problem: 17d°r + 3d?r — 5d?r + 6d?r + d®r — 30d2r +3—7+2 
Solution: 


16d°r — 24d2r — 2 


Exercise: 


Problem: a° + 2a° — 4a°, a 40 


Exercise: 


Problem: 42° + 32° — 529+ 72°— 2°, «40 
Solution: 


8 


Exercise: 


Problem: 2a°b?c + 3a7b?c° + 4a7b? — a®b?c, c 40 


Exercise: 


Problem: 3z — 6z + 8z 


Solution: 


By, 


Exercise: 


Problem: 322 — z+ 32° 
Exercise: 

Problem: 6x? + 127 + 5 

Solution: 

6x° + 1227 +5 


Exercise: 


Problem: 3(z + 5) + 2a 
Exercise: 
Problem: 7(a + 2) + 4 


Solution: 
7a+18 


Exercise: 


Problem: y + 5(y + 6) 


Exercise: 


Problem: 2b + 6(3 — 5b) 


Solution: 


—28b+ 18 


Exercise: 


Problem 


Exercise: 


Problem 


ba —fe-+ 3(a—c) 


> 8x — 32 + 4(22 + 5) + 3(6a — 4) 


Solution: 


3lz+8 


Exercise: 


Problem 


Exercise: 


Problem 


:2z+ 4ab+ 5z — ab + 12(1 — ab — z) 


> (a+ 5)4+ 6a — 20 


Solution: 


10a 


Exercise: 


Problem 


Exercise: 


Problem 


: (4a + 5b — 2)3 + 3(4a + 5b — 2) 


: (10x + 3y”)4 + 4(10x + 3y”) 


Solution: 


80x + 247? 


Exercise: 


Problem: 2(x — 6) + 5 


Exercise: 


Problem: 1(3x + 15) + 2x — 12 
Solution: 
4 a 


Exercise: 


Problem: 1(2 + 9a + 4a”) + a? — 1la 


Exercise: 


Problem: 1(2z2 — 6b + 6a7b + 8b”) + 1(5a + 2b — 3a7b) 
Solution: 


3a7b + 8b? — 4b 4+ 7x 
Exercise: 


Problem: 


After observing the following problems, can you make a conjecture 
about 1(a + b)? 
tab) = 


Exercise: 


Using the result of problem 52, is it correct to write 
Problem: (a + b) = a+b? 


Solution: 


yes 


Exercise: 


Problem: 3(2a + 2a”) + 8(3a + 3a?) 


Exercise: 
Problem: x(x + 2) + 2(a? + 3x — 4) 


Solution: 


322 + 82 — 8 


Exercise: 


Problem: A(A + 7) + 4(A? + 3a + 1) 


Exercise: 


Problem: b(2b° + 5b? + b + 6) — 6b? — 4b + 2 
Solution: 


ob? 5b? — bb? 9b 42 


Exercise: 


Problem: 4a — a(a + 5) 


Exercise: 
Problem: x — 3x(x? — 7x — 1) 
Solution: 


—393 + 21x? + 4x 


Exercise: 


Problem: ab(a — 5) — 4a7b + 2ab — 2 


Exercise: 
Problem: ry(3ry + 2x — 5y) — 2x7y? — 5ax*y + 4ay? 
Solution: 


xy? — 3a2y — ay 


Exercise: 


Problem: 3h/2h + 5(h + 2)| 


Exercise: 


Problem: 2k[5k + 3(1 + 7k)| 
Solution: 


52k? + 6k 


Exercise: 


Problem: 8a|2a — 4ab + 9(a — 5 — ab)| 
Exercise: 
Problem: 6{m + 5n[n + 3(n — 1)] + 2n?} — 4n? — 9m 


Solution: 


128n2 — 90n — 3m 


Exercise: 


Problem: 5/4(r — 2s) — 3r — 5s] + 12s 


Exercise: 


Problem: 8{9[b — 2a + 6c(c + 4) — 4c’] + 4a + b} — 3b 


Solution: 


144c? — 112a + 77b + 1728c 


Exercise: 


Problem: 5/4(6z — 3) + a] — 2% — 254 +4 
Exercise: 
Problem: 3xy°(4ry + 5y) + 2xy? + 6a7y? + 4y? — 122y? 
Solution: 
182777 + dry? + 4y? 


Exercise: 


Problem: 
9a°b'(a°b? — 2a7b" +6) — 2a(a*b’ — 5a°b* + 3a°b’) — ad! 


Exercise: 


Problem: —8(3a + 2) 


Solution: 
—24a — 16 


Exercise: 


Problem: —4(2x — 3y) 


Exercise: 


Problem: —42ry’|7xy — 6(5 — xy”) + 3(—zy +1) +1] 
Solution: 


—24ay* — 1627y? + 1042y 


Exercises for Review 


Exercise: 


, 3 
Problem: ((link]) Simplify ( oe ) . 


x26 


Exercise: 


Problem: ((link]) Find the value of Se 


Solution: 


4 
Exercise: 
Problem: 


A2x7yPz? 


Q1axty” 


({link]) Write the expression so that no denominator appears. 


Exercise: 
Problem: ([link]) How many (2a + 5)/s are there in 32(2a + 5)? 


Solution: 


32 


Exercise: 


Problem: ([link]) Simplify 3(5n + 6m?) — 2(3n + 4m?). 


Basic Properties of Exponents 

This module is from Elementary Algebra by Denny Burzynski and Wade Ellis, Jr. The 
symbols, notations, and properties of numbers that form the basis of algebra, as well as 
exponents and the rules of exponents, are introduced in this chapter. Each property of 
real numbers and the rules of exponents are expressed both symbolically and literally. 
Literal explanations are included because symbolic explanations alone may be difficult 
for a student to interpret. Objectives of this module: understand exponential notation, be 
able to read exponential notation, understand how to use exponential notation with the 
order of operations. 


Overview 


e Exponential Notation 
¢ Reading Exponential Notation 
e The Order of Operations 


Exponential Notation 


In Section [link] we were reminded that multiplication is a description for repeated 
addition. A natural question is “Is there a description for repeated multiplication?” The 
answer is yes. The notation that describes repeated multiplication is exponential 
notation. 


Factors 

In multiplication, the numbers being multiplied together are called factors. In repeated 
multiplication, all the factors are the same. In nonrepeated multiplication, none of the 
factors are the same. For example, 


Example: 
18-18-18-18 Repeated multiplication of 18. All four factors, 18, arethe same. 


x-x2-x-x2-x Repeated multiplication of x. Allfive factors, x, are the same. 
3-7-a Nonrepeated multiplication. None of the factors are the same. 


Exponential notation is used to show repeated multiplication of the same factor. The 
notation consists of using a superscript on the factor that is repeated. The superscript 
is called an exponent. 


Exponential Notation 


If x is any real number and 7 is a natural number, then 


n factors of x 
An exponent records the number of identical factors in a multiplication. 


Note that the definition for exponential notation only has meaning for natural number 
exponents. We will extend this notation to include other numbers as exponents later. 


Sample Set A 


Example: 

(taal an ft tal ferme wf 

The repeated factor is 7. The exponent 6 records the fact that 7 appears 6 times in the 
multiplication. 


Example: 

een: e-e= x4 

The repeated factor is z. The exponent 4 records the fact that x appears 4 times in the 
multiplication. 


Example: 
3 
(2y)(2y)(2y) = (2y)”. 
The repeated factor is 2y. The exponent 3 records the fact that the factor 2y appears 3 
times in the multiplication. 


Example: 

2yyy = 2y”. 

The repeated factor is y. The exponent 3 records the fact that the factor y appears 3 
times in the multiplication. 


Example: 


(a + b)(a + b)(a — b)(a — b)(a — b) = (a + b)*(a — b)”. 
The repeated factors are (a + b) and (a — b), (a + b) appearing 2 times and (a — b) 
appearing 3 times. 


Practice Set A 


Write each of the following using exponents. 
Exercise: 


Problem: a-a-a-a 
Solution: 


at 


Exercise: 


Problem: (3b) (3b) (5c) (5c) (5c) (5c) 
Solution: 
(3b)°(5e)* 
Exercise: 
Problem: 2.2-7-7-7-(a—4)(a-— 4) 
Solution: 
2. 73(a — 4)" 
Exercise: 
Problem: 82xxyzzzzz 
Solution: 
8x3 yz° 


CAUTION 


It is extremely important to realize and remember that an exponent applies only to the 
factor to which it is directly connected. 


Sample Set B 


Example: 
8x° means 8 - xxx and not 878xz8z. The exponent 3 applies only to the factor x since 
it is only to the factor x that the 3 is connected. 


Example: 

(8x)° means (8x) (8x) (8a) since the parentheses indicate that the exponent 3 is 
directly connected to the factor 82. Remember that the grouping symbols (_) indicate 
that the quantities inside are to be considered as one single number. 


Example: 
34(a + 1)” means 34 - (a + 1)(a + 1) since the exponent 2 applies only to the factor 
(a+ 1). 


Practice Set B 


Write each of the following without exponents. 
Exercise: 


Problem: 4a° 
Solution: 


4aaa 


Exercise: 


Problem: (4a)° 


Solution: 


(4a) (4a) (4a) 


Sample Set C 


Example: 
Select a number to show that (2a)? is not always equal to 22”. 
Suppose we choose z to be 5. Consider both (2a)? and 2”. 


Equation: 
(2x)? Qa? 
(2-5)? 2.5? 
(10)? 2. 25 
100 + 50 


Notice that (22)” = 2x? only when « = 0. 


Practice Set C 


Exercise: 


Problem: Select a number to show that (5x)? is not always equal to 52”, 


Solution: 


Select 2 = 3. Then (5-3) = (15)” = 225, but5-32=5-9=45. 225 445. 


Reading Exponential Notation 


near 


Base 
z is the base 


Exponent 
nm is the exponent 


Power 
The number represented by x” is called a power. 


x to the nth Power 
The term x” is read as "x to the n th power," or more simply as "z to the nth." 


x Squared and z Cubed 

The symbol x? is often read as "x squared," and z° is often read as "x cubed." A natural 
question is "Why are geometric terms appearing in the exponent expression?" The 
answer for x? is this: x* means x - x - x. In geometry, the volume of a rectangular box 
is found by multiplying the length by the width by the depth. A cube has the same 
length on each side. If we represent this length by the letter z then the volume of the 
cube is x - x - x, which, of course, is described by x®. (Can you think of why 2? is read 
as x squared?) 


Cube with 
length = z 
width = x 
depth = x 


Volume = xxx = x? 


The Order of Operations 


In Section [link] we were introduced to the order of operations. It was noted that we 
would insert another operation before multiplication and division. We can do that now. 
The Order of Operations 


1. Perform all operations inside grouping symbols beginning with the innermost set. 

2. Perform all exponential operations as you come to them, moving left-to-right. 

3. Perform all multiplications and divisions as you come to them, moving left-to- 
right. 

4. Perform all additions and subtractions as you come to them, moving left-to-right. 


Sample Set D 


Use the order of operations to simplify each of the following. 


Example: 
27+5=44+5=9 


Example: 
574+ 37+10=254+9+10=44 


Example: 

27+ (5)(8)-1 =4+(5)(8)-1 
=4+40-1 
— wy 

Example: 

Teo 40 ele 7 616 
=42—16+ 1 
= 

Example: 


(Fee By eT (A eo) 7a Se 
= 125 + 49 — 3(25) 
= 125 + 49 — 75 
= 99 


Example: 


2 2 
[4(6+2)*] = [4(8)"] 
= [4(512)) 
[2048]? 
— 4,104, 304 
Example: 
6(32+ 27) +44 =6(9+4)+4? 
= 6(13) + 4? 
= 6(13) + 16 
= 78+ 16 
= 94 
Example: 
6742? © __13+8?  —__s = 3644 as 1+64 
P+6-2 10°—(19)(5) 1646-4 100—95 
— 3644 4 _1+64 
16+24 100—95 
40 65 
zy ae 
1413 
= 14 


Practice Set D 


Use the order of operations to simplify the following. 
Exercise: 


Problem: 32 + 4-5 
Solution: 


20 


Exercise: 


Problem: 2° + 3° — 8-4 


Solution: 


3 


Exercise: 


Problem: 14 + (27 + 4) 


Solution: 


9 

Exercise: 
Problem: [6(10 — 2°)|” — 10° — 6 
Solution: 


8 


Exercise: 


5°+62—10 040° 


Problem: 112 726.98 


Solution: 


3 


Exercises 


For the following problems, write each of the quantities using exponential notation. 
Exercise: 


Problem: b to the fourth 


Solution: 
bt 


Exercise: 


Problem: a squared 


Exercise: 


Problem: z to the eighth 


Solution: 


78 


Exercise: 


Problem: (—3) cubed 


Exercise: 


Problem: 5 times s squared 


Solution: 


5s? 


Exercise: 


Problem: 3 squared times y to the fifth 


Exercise: 


Problem: a cubed minus (b + 7) squared 


Solution: 


a® — (b+7)° 


Exercise: 


Problem: (21 — x) cubed plus (x + 5) to the seventh 


Exercise: 


Problem: 7zxzxx 


Solution: 


7? 


Exercise: 


Problem: (8)(8)xxxx 


Exercise: 


Problem: 2-3-3.-3- 3xxyyyyy 
Solution: 
) (34) xy? 


Exercise: 


Problem: 2-2-5-6-6- 6x2yyzzzwwww 


Exercise: 


Problem: 7xz(a + 8)(a + 8) 
Solution: 


7x?(a +8)? 


Exercise: 


Problem: 10zyy(c + 5)(c + 5)(e+ 5) 


Exercise: 


Problem: 474274742742 
Solution: 
(4x)° or 4525 


Exercise: 


Problem: (9a) (9a) (9a) (9a) 


Exercise: 


Problem: (—7)(—7)(—7)aabbba(—7)baab 


Solution: 


(—7)*a5b° 


Exercise: 


Problem: (a — 10)(a — 10)(a + 10) 


Exercise: 
Problem: (z+ w)(z+ w)(z+ w)(z — w)(z — w) 
Solution: 


(z+w)*(z—w)? 


Exercise: 


Problem: (2y)(2y)2y2y 


Exercise: 


Problem: 3zyrry — (x + 1)(x+1)(a+4+1) 
Solution: 


82°y? — (a +1)° 


For the following problems, expand the quantities so that no exponents appear. 
Exercise: 


Problem: 4° 
Exercise: 
Problem: 67 


Solution: 


6-6 


Exercise: 


Problem: 7°77 


Exercise: 


Problem: 8x°7" 
Solution: 
8 . az ° 45 ° ax . 0] ° 0] 


Exercise: 


Problem: (18a?y*)° 
Exercise: 
Problem: (9a3b?)° 


Solution: 


(9aaabb) (9aaabb) (9Yaaabb) or 9 - 9 - Yaaaaaaaaabbbbbb 


Exercise: 


Problem: 5x2(2y?)° 


Exercise: 


Problem:10ab2(3c)’ 


Solution: 


10aaabb (3c) (3c) or 10 - 3 - 3aaabbcc 


Exercise: 


Problem: (a + 10)"(a? + 10)” 


Exercise: 


Problem: (x? — y”)(x? + y”) 


Solution: 
(xa — yy) (ex + yy) 


For the following problems, select a number (or numbers) to show that 
Exercise: 


Problem: (5.r)” is not generally equal to 52”. 


Exercise: 


Problem: (7:c)” is not generally equal to 72”. 


Solution: 


Select x = 2. Then, 196 28. 


Exercise: 


Problem: (a + 6)” is not generally equal to a? + 6°. 


Exercise: 


Problem: For what real number is (6a)” equal to 6a”? 


Solution: 


Zero 


Exercise: 
Problem: For what real numbers, a and 8, is (a + b)? equal to a? + b?? 


Use the order of operations to simplify the quantities for the following problems. 
Exercise: 


Problem: 3? + 7 


Solution: 


16 


Exercise: 


Problem 


Exercise: 


Problem 


: 43 — 18 


: 5? + 2(40) 


Solution: 


105 


Exercise: 


Problem 


Exercise: 


Problem 


: 87434 5(2+7) 


> 2°+ 3(8+1) 


Solution: 


59 


Exercise: 


Problem 


Exercise: 


Problem 


2344 24(1 4.5)? 


(6 — 44)25 


Solution: 


4 


Exercise: 


Problem 


Exercise: 


Problem 


: 2?(10 — 23) 


: (34 — 43) +17 


Solution: 


1 


Exercise: 


Problem 


Exercise: 


Problem 


: (443)? +1+ (2-5) 


: (244 25 — 93.5)? + 42 


Solution: 


4 


Exercise: 


Problem: 


Exercise: 


Problem 


: (7)(16) 


Solution: 


71 


Exercise: 


Problem: 


Exercise: 


Problem: 


23—7 
52 


19 


Solution: 


BL 
19 


Exercise: 


(1+6)?42 


. 6-1 43+ (2)(3) 
Problem: re a 
Exercise: 
, 5[8’—9(6)] Pua 
Problem: —5;-~— + 3r= 
Solution: 
5 
Exercise: 
, ee 15?—[2(5)|” 
Problem: i 
Exercise: 
, 632-102 18(2?+77) 
Solution: 


— or 97.27 


Exercises for Review 


Exercise: 
Problem: 
({link]) Use algebraic notation to write the statement "a number divided by eight, 
plus five, is equal to ten." 
Exercise: 
Problem: 


({link]) Draw a number line that extends from —5 to 5 and place points at all real 
numbers that are strictly greater than —3 but less than or equal to 2. 


Solution: 


-§ -4 -3 -2 -1 0 1 2 83 4 #5 


Exercise: 


Problem: ([link]) Is every integer a whole number? 
Exercise: 


Problem: 


({link]) Use the commutative property of multiplication to write a number equal to 
the number yz. 


Solution: 


Ly 


Exercise: 


Problem: ({link]) Use the distributive property to expand 3(a + 6). 


Exponent Power Rules 

This module is from Elementary Algebra by Denny Burzynski and Wade Ellis, Jr. The symbols, 
notations, and properties of numbers that form the basis of algebra, as well as exponents and the 
rules of exponents, are introduced in this chapter. Each property of real numbers and the rules of 
exponents are expressed both symbolically and literally. Literal explanations are included 
because symbolic explanations alone may be difficult for a student to interpret. Objectives of 
this module: understand the power rules for powers, products, and quotients. 


Overview 


e The Power Rule for Powers 
e The Power Rule for Products 
e The Power Rule for quotients 


The Power Rule for Powers 


The following examples suggest a rule for raising a power to a power: 


Example: 

(a2)? = a> tar 3.0" 

Using the product rule we get 
(a2)? = g2t2+2 


(a2)? eee 


(0?)" = a 
Example: 
(x9) a ae ee 
(x9)* eee 
4 
(x9) = x19 
(x9)* See 


POWER RULE FOR POWERS 


If x is areal number and n and ™ are natural numbers, 
( ra ie = gem 


To raise a power to a power, multiply the exponents. 


Sample Set A 


Simplify each expression using the power rule for powers. All exponents are natural numbers. 


Example: 
(x3)* =| 2°>'4\2'* The box represents astep done mentally. 
Example: 

3 : 

v= FF 

Example: 

6 120 

oy = [=< 
Example: 
A 

(Go) 


Although we don’t know exactly what number LIA is, the notation LIA indicates the 
multiplication. 


Practice Set A 


Simplify each expression using the power rule for powers. 
Exercise: 


Problem: (x5)* 


Solution: 


20 


Exercise: 


Problem: (y")" 


Solution: 


y9 


The Power Rule for Products 


The following examples suggest a rule for raising a product to a power: 


Example: 
(ab)> = ab-ab-ab Usethe commutative property of multiplication. 


= aaabbb 


= a°b° 


5 
(Cy) ey ry ry ry 
xy? 


Example: 
(4aryz)° 


Axryz - Axyz 


4-4-xx-yy- zz 
= 162772 


POWER RULE FOR PRODUCTS 
If x and y are real numbers and 7 is a natural number, 


(xy)" = 2"y” 
To raise a product to a power, apply the exponent to each and every factor. 


Sample Set B 


Make use of either or both the power rule for products and power rule for powers to simplify 
each expression. 


Example: 
(ab) = ab" 


Example: 
(ary)' = ay! 


Example: 
(3ab)” = 32a2b? = 9a7b? Don’t forget to apply the exponent to the 3! 


Example: 
(Qsty = 2s — 30a 


Example: 
(ab?) = a?(b3)? = a2b® ~Weusedtworules here. First, the power rule for 


products. Second, the power rule for powers. 


Example: 

(Give aceon (eye 
= 49a®b*c!® 

Example: 


If 6a°c’ + 0, then (6a3c’) =1 Recallthatz® = 1forrz £0. 


Example: 
4 6 24 
[2(2 + 1)4] = 26(¢ + 1) 


Practice Set B 


Make use of either or both the power rule for products and the power rule for powers to simplify 
each expression. 
Exercise: 


Problem: (az)* 
Solution: 


a‘z' 


Exercise: 


Problem: (3bxy)” 
Solution: 
9b227y" 
Exercise: 
Problem: [4¢ (s — 5)|° 
Solution: 
64t3(s — 5)? 
Exercise: 
Problem: (92°y°)” 
Solution: 


812°y" 


Exercise: 


Problem: (1a°5b8c3d)° 
Solution: 
@30p48 18 qé 
Exercise: 
Problem: ([(a + 8) (a + 5)|* 


Solution: 


(a+ 8)"(a+5)* 


Exercise: 


5 
Problem: | (12c4u?(w — 3)'| 


Solution: 
12°¢20y15(w — 3)" 
Exercise: 
47,372, 6,48 17]4 
Problem: | 10t*y'j’d°v’n*g°(2 — k) 


Solution: 
10441628 52 8247716 g2(2 _ k)%8 
Exercise: 


Problem: (x°°y2y°)” 


Solution: 
9 
(2°48) = g72y7? 
Exercise: 
Problem: (10° - 10'?- 10°)” 
Solution: 


19239 


The Power Rule for Quotients 


The following example suggests a rule for raising a quotient to a power. 


Example: 


POWER RULE FOR QUOTIENTS 
If x and y are real numbers and n is a natural number, 


n nm 
(¢) =2, y#0 
To raise a quotient to a power, distribute the exponent to both the numerator and denominator. 


Sample Set C 


Make use of the power rule for quotients, the power rule for products, the power rule for 
powers, or a combination of these rules to simplify each expression. All exponents are natural 
numbers. 


Example: 


(<3 
y a 


Example: 


Example: 

(22)! _ (2c)! _ 2424 _ 162! 
b bf bf of 

Example: 


a® i (a3)' oe" 
(=) = (b5)" =~ ps 


Example: 
3ctr? 3 = 331276 = 2712/6 271276 
235 ~  29gi5 9g 5 or 5129! 
Example: 


baal 


Example: 
aes) as 6222(4—a)® — 36x(4—2)® = 9x7(4—a)® 


2a(y—4)° 27a?(y—4) 4a*(y—4)" a*(y—4) 
Example: 
3 
(=) - (a32p5-1)° Wecan simplify within the parentheses. We 
have arule that tells us to proceed this way. 
= (ab4)" 
a? h!2 
3 
(=) = 2 — g) 615-3 — g3p12 We could have actually used the power rule for 
a*b a®b 
quotients first. Distribute the exponent, then 
simplify using the other rules. 
It is probably better, for the sake of consistency, 
to work inside the parentheses first. 
Example: 
(2e)* — Qeebee 
ct ctw 


Practice Set C 


Make use of the power rule for quotients, the power rule for products, the power rule for 
powers, or a combination of these rules to simplify each expression. 
Exercise: 


Problem: (4 ) ; 


Solution: 


a 


© 


Exercise: 


3 
Problem: (2 ) 
y 


Solution: 


82° 


27y> 


Exercise: 


ge 447 9 
Problem: ( y ) 


a®b 


Solution: 


18,736 263 
a45b9 


Exercise: 


2a4(b—1) : 


Problem: 35%(c46) 


Solution: 


16a‘°(b—1)4 
81b!2(c-+6)* 


Exercise: 


3 
a 8a°b2c8 
Problem: ( is ) 


Solution: 
8a°b%cl8 


Exercise: 


: (9+w)? 10 
Problem: (34)? 
Solution: 


(9+w)”? 
(3+w)” 


Exercise: 


, | Says) 1° 
Problem: se | 


Solution: 


1, ifz*(y+1)40 


Exercise: 


Problem: ( 16x°vic! 


12278 


Solution: 


1, if x*uc® 4 0 


Exercises 


Use the power rules for exponents to simplify the following problems. Assume that all bases are 
nonzero and that all variable exponents are natural numbers. 
Exercise: 


Problem: (ac)” 


Solution: 


ac? 


Exercise: 


Problem: (nm)' 
Exercise: 

Problem: (2a)° 

Solution: 

8a? 


Exercise: 


Problem: (2a)” 
Exercise: 
Problem: (327) 


Solution: 
81aty* 


Exercise: 


Problem: 


Exercise: 


Problem 


Solution: 


81a4b4 


Exercise: 


Problem 


Exercise: 


Problem: 


: (6mn)’ 


(7y3)° 


Solution: 


A9y/° 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


125218 


Exercise: 


Problem 


Exercise: 


Problem 


: (522)° 


: (10a2b)" 


Solution: 


100a‘*b? 


Exercise: 


Problem: (82273) 


Exercise: 


Problem: (2273z°)’ 


Solution: 
aby!? 720 


Exercise: 


Problem: (2a°b!!)” 


Exercise: 


Problem: (2°y22')’ 
Solution: 


gyi 220 


Exercise: 


Problem: (mn2p°)” 


Exercise: 
8 
Problem: (a*b’c°d*) 
Solution: 
@32h>6 48 qe4 
Exercise: 


Problem: (x2y3z9w’)* 


Exercise: 


Problem: (9xy3)° 


Solution: 


1 


Exercise: 


Problem: (F fre)" 
Exercise: 

Problem: (<c'°d*e* f°) 2 

Solution: 

a C2016 68 18 


Exercise: 


Problem: (2 a°b°c!”) : 
Exercise: 

Problem: (xy)* (x*y*) 

Solution: 

aoy8 


Exercise: 


Problem: (2a?)*(3a5)? 
Exercise: 
Problem: («°b°)'(a°b*)’ 
Solution: 
gq 8p21 
Exercise: 
Exercise: 
A Bs\ 4 (304)52)" 
Problem: (z Yy z) (x YZ ) 


Solution: 


gr6yl4 78 


Exercise: 


Problem 


Exercise: 


Problem: 


: (ab3c2)”(a2b2c)” 


(6a2b8)” 
(3ab5)? 


Solution: 


4a?b® 


Exercise: 


Problem: 


Exercise: 


Problem: ———~- 


Solution: 


78 


Exercise: 


Problem: 


Exercise: 


Problem: 


( apo)? 
(a’8)* 


Solution: 


m'n'p? 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


(1024y°z1") 


3 


(xy)* 


1000z8y7z*8 


Exercise: 


Exercise: 


Problem: 


Solution: 


25a 4y?? 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


27a°b? 
642343 


Exercise: 


Problem: (gate? )(2b%e). 


(3a%b) (6bc) 


(20%y*)"(52°y')’ 


(4a5y2)” 


et 5 
Problem: ( ul ) 


Exercise: 


223 


3 
Problem: (2g ) 


Solution: 


27a%b? 
cle 


Cc 


Exercise: 


Problem: ( 


Exercise: 


Problem: 


Solution: 


ee 
(a+6)" 


Exercise: 


Problem: (ane)" 


Exercise: 


Problem: 


Solution: 


grt 6 


Exercise: 


Problem: 


Exercise: 


Problem: 


(2ab)* 


Solution: 


2*a*b* 


Exercise: 


Problem: 


(3a4bV)9 
(5xy°)* 


(a”*?) 3 


gan 


42a3b* 
bec4 


: 


x*(y-1)° 
(x+6) 


, 


Exercise: 
Problem: 


10m* 
5m* 


Solution: 


Exercise: 


3,4,0 
Problem: 4 = 
a 


Exercise: 


Problem: ( a ) 


Solution: 


2,40 
yo 


Exercise: 


Problem: 


16a°b* 0 
(sess) 


Exercises for Review 


Exercise: 


Problem: ([{link]) Is there a smallest integer? If so, what is it? 


Solution: 


no 


Exercise: 


Problem: ([link]) Use the distributive property to expand 5a (2x + 8). 


Exercise: 


2 3 
Problem: ([link]) Find the value of — 
Solution: 


147 


Exercise: 


Problem: ({link]) Assuming the bases are not zero, find the value of (4a7b?) (5ab*). 


Exercise: 


f 36214823 y? 


Problem: ({link]) Assuming the bases are not zero, find the value o Oabyrz 


Solution: 


Ag yz? 


Multiplication of Polynomials 

This module is from Elementary Algebra by Denny Burzynski and Wade Ellis, Jr. Operations with 
algebraic expressions and numerical evaluations are introduced in this chapter. Coefficients are 
described rather than merely defined. Special binomial products have both literal and symbolic 
explanations and since they occur so frequently in mathematics, we have been careful to help the 
student remember them. In each example problem, the student is "talked" through the symbolic form. 
Objectives of this module: be able to multiply a polynomial by a monomial, be able to simplify +(a + b) 
and -(a - b), be able to multiply a polynomial by a polynomial. 


Overview 
e Multiplying a Polynomial by a Monomial 
¢ Simplifying +(a + b) and —(a + b) 
e Multiplying a Polynomial by a Polynomial 
Multiplying a Polynomial by a Monomial 
Multiplying a polynomial by a monomial is a direct application of the distributive property. 


Distributive Property 


a(b +c) =ab+ac 
ras 


The distributive property suggests the following rule. 
Multiplying a Polynomial by a Monomial 


To multiply a polynomial by a monomial, multiply every term of the polynomial by the monomial and 
then add the resulting products together. 


Sample Set A 


Example: 


6(x3 — 2x) = 6(x3 + (—2x)) = 6 - x? + 6(—2x) 
a = 6x3 — 12x 


Example: 


(x.— 7)x =x + x+x(—7) 
=x?— 7x 


Example: 


*(3a* — 5a* + a) = 8a® - 3a* + 8a*(—5a*) + 8a? - a 
Z = 24a° — 40a° + 8a? 


Example: 


4x%y?z(x®y + 8y*z) = 4x2y72 + xby + 4x?y7z - By?2? 
"_” = 4x7y%2 + 32x7y%25 


Example: 
10ab?c(125a?) = 1250a%b?c 


Example: 


(9x2z + 4w)(52zw*) = 9x2z - 5zw> + dw » 5zw* 
a) = 45x72*w? + 20zw* 
= 45x*w*z? + 20w‘z 


Practice Set A 


Determine the following products. 
Exercise: 


Problem: 3(x + 8) 


Solution: 


3x + 24 


Exercise: 


Problem: (2 + a)4 


Solution: 


4a +8 


Exercise: 


Problem: (a? — 2b + 6)2a 
Solution: 
2a* — 4ab + 12a 

Exercise: 
Problem: 8a7b? (2a + 7b + 3) 
Solution: 


16a°b® + 56a2b* + 24a2b* 


Exercise: 


Problem: 4z(2z° + 6x* — 8x? — x? + 9x 
Solution: 


82° + 2475 — 3204 — 4dr? + 362? — 442 


Exercise: 


Problem: (3a7b)(2ab? + 4b*) 
Solution: 
6a>b? + 12a7b* 
Exercise: 
Problem: 5mn(m?n? +m-+n°), n#0 
Solution: 


5m3n? + 5m?2n + 5mn 


Exercise: 


Problem: 6.03(2.11a? + 8.00a7b) 


Solution: 


12.7233a? + 48.24a7b 


11) 


Simplifying +(a + b) and —(a + b) 


+(a +b) and —(a + b) 
Oftentimes, we will encounter multiplications of the form 


+1(a + b)or—1(a + b) 
These terms will actually appear as 
+(a +b) and —(a + b) 


Using the distributive property, we can remove the parentheses. 


+(a+ b) =+1(a + b) = (+1)(a) + (+ 1)(d) 
7 =a+b 


The parentheses have been removed and the sign of each term has remained the same. 


—(a+b)= a = (—1)(a) + (—1)(6) 


=-a-b 


The parentheses have been removed and the sign of each term has been changed to its opposite. 
1. To remove a set of parentheses preceded by a'"+" sign, simply remove the parentheses and leave 
the sign of each term the same. 


2. To remove a set of parentheses preceded by a “—” sign, remove the parentheses and change the 
sign of each term to its opposite sign. 


Sample Set B 


Simplify the expressions. 


Example: 
(6x — 1). 


This set of parentheses is preceded by a “+” sign (implied). We simply drop the parentheses. 
(6z —1) =6z-1 


Example: 
(14a2b? — 6a%b? + ab*) = 14a2b> — 6a*b? + abt 


Example: 
—(21a? + 7a — 18). 


This set of parentheses is preceded by a “—” sign. We can drop the parentheses as long as we change 
the sign of every term inside the parentheses to its opposite sign. 
SON SE = 1 Seat ee aS 


Example: 
(7y° — 2y? + 9y +1) = —Ty? + 2y? — 9y—1 


Practice Set B 


Simplify by removing the parentheses. 
Exercise: 


Problem: (2a + 3b) 


Solution: 


2a + 3b 


Exercise: 


Problem: (a” — 6a + 10) 


Solution: 


a? — 6a + 10 


Exercise: 


Problem: —(x + 2y) 
Solution: 


—x—2y 


Exercise: 


Problem: —(5m — 2n) 


Solution: 


—5m + 2n 


Exercise: 


Problem: —(—3s? — 7s + 9) 


Solution: 


Bot 4 Tg 


Multiplying a Polynomial by a Polynomial 


Since we can consider an expression enclosed within parentheses as a single quantity, we have, by the 
distributive property, 


(a + b)(e + d) = (a+ ble + (a+ b)d 
FO RGF ORY 
= ac + be + ad + bd 


For convenience we will use the commutative property of addition to write this expression so that the 
first two terms contain a and the second two contain b. 


(a+b)(c+ d) =ac+ad+ be+ bd 
This method is commonly called the FOIL method. 


e F First terms 
e O Outer terms 
e I Inner terms 
e L Last terms 


(a+ b)(2+3) = (a+b) + (a+b) +(a+b)+(a+6)4+ (a+b) 


2 terms 3 terms 
Reatranging, 


=at+at+b+bta+at+at+b+b+b 
= 2a+ 2b+ 3a+4+ 3b 


Combining like terms, 

= 5a+ 5b 
This use of the distributive property suggests the following rule. 
Multiplying a Polynomial by a Polynomial 


To multiply two polynomials together, multiply every term of one polynomial by every term of the 
other polynomial. 


Sample Set C 


Perform the following multiplications and simplify. 


Example: 

(o+bG+b)—c-a+a-84+6-0+6-3 F: a:a 
=a’? +3at+6at+18 O: 3-a 
=a?+9a+18 I: 6:-a 

L: 6-3 


With some practice, the second and third terms can be combined mentally. 


Example: 


APT Ons dete why arty w 


= 2x? + Gxy + 4y? 


F: 
= 2x2 + Axy + Quy + 4y? O: 
I: 
L: 


Example: 


ee eH 
nw 
# 


So 
Re eee ee eG 


= xt + 7x3 + 2x2 + 4x? + 28x +8 
= xt + 7x3 + 6x? + 28x +8 


Example: 
A™ 
(a— 4)(a— 3) =a+ata(—3)—4:+a—4(—3) F: a-:a 
=a? — 3a—4at 12 O: a-(—3) 
=a?—Ta+12 I: (-4):a 
L: (—4)(-3) 
Example: 
(air = Gases) 
= m-m+m(-3) 


Bin (3) 


= m*—3m—-—3m+9 


= m*—6m+9 


Example: 


(a+5)> = (#+5)(@+5)(2+5) Associate the first two factors. 
= [(x+5)(2+5)|(#+ 5) 
[a? + 5a + 5a + 25] (a + 5) 
= [x? + 10x + 25] (x +5) 
= x?-2+27-54+102-24+107-5+4+25-274 25-5 
= g°+527?+4+ 102? + 50x + 25x + 125 
= 2° +152? + 75a + 125 


Practice Set C 


Find the following products and simplify. 
Exercise: 


Problem: (a + 1)(a + 4) 
Solution: 


a? +5a+4 


Exercise: 
Problem: (m — 9)(m — 2) 
Solution: 


m? —11m+ 18 


Exercise: 


Problem: (2x + 4)(z + 5) 
Solution: 


Qn? + 142 + 20 


Exercise: 


Problem: (x + y)(2x — 3y) 
Solution: 


Qa? — zy — 3y’ 


Exercise: 


Problem: (3a? — 1)(5a? + a) 
Solution: 
15a* + 3a° — 5a? —a 

Exercise: 
Problem: (2x7y* + zy”) (52°y? + xy) 
Solution: 
10a 5y 5+ 7arty* + 234? 


Exercise: 


Problem: (a + 3)(a? + 3a +6) 
Solution: 


a® + 6a? + 15a + 18 


Exercise: 


Problem: (a + 4)(a + 4) 
Solution: 


a? + 8a+ 16 


Exercise: 
Problem: (r — 7)(r — 7) 


Solution: 


r? — 14r + 49 


Exercise: 


Problem: (x -+ 6)” 


Solution: 


xv? +122 + 36 


Exercise: 


Problem: (y — 8)” 


Solution: 


y’ — 16y+ 64 


Sample Set D 


Perform the following additions and subtractions. 


Example: 


3x +7+(a—3). Wemust first remove the parentheses. They are preceded by 
a//+// sign, so we remove them and leave the sign of each 
term the same. 

32+7+2—-—3 Combine like terms. 

4g +4 


Example: 
5y® + 11 — (12y? — 2). We first remove the parentheses. They are preceded by a 


”_” sion, so we remove them and change the sign of each 


term inside them. 
Sy? + 11 — 12y? + 2 Combine like terms. 
—Ty® + 13 
Example: 


Add 4x? + 22 — 8 to 3a? — 7x — 10. 


(4x? + 2x — 8) + (3x? — 7x — 10) 
4a? +94 — 8+ 39° — 7a — 10 
Fete ees Ue 


Example: 
Subtract 8a”? — 5a + 2 from 32? + x — 12. 


(3a? + 2 — 12) — (8x? — 5x + 2) 
3a? +2 —12-—827+52—-2 
—5x2? + 6x — 14 


Be very careful not to write this problem as 


See = 10 ha 


This form has us subtracting only the very first term, 827, rather than the entire expression. Use 
parentheses. 
Another incorrect form is 

82? — 5x2 + 2— (3x7 +2 — 12) 


This form has us performing the subtraction in the wrong order. 


Practice Set D 


Perform the following additions and subtractions. 
Exercise: 


Problem: 6y? + 2y — 1+ (5y” — 18) 


Solution: 
lly? + 2y — 19 
Exercise: 


Problem: (9m — n) — (10m + 12n) 


Solution: 
—m— 13n 
Exercise: 


Problem: Add 2r? + 4r — 1 to 3r? — r — 7. 
Solution: 
5r2 + 38r —8 

Exercise: 


Problem: Subtract 4s — 3 from 7s + 8. 


Solution: 


3s+4+ 11 


Exercises 


For the following problems, perform the multiplications and combine any like terms. 
Exercise: 


Problem: 7(x + 6) 


Solution: 


7x + 42 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


6y + 24 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


5a — 30 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


1272 +6 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


36y — 27 


Exercise: 


A(y +3) 


6(y + 4) 


8(m + 7) 


5(a — 6) 


2(z — 10) 


3(4a + 2) 


6(3z + 4) 


9(4y — 3) 


Problem: 5(8m — 6) 
Exercise: 
Problem: —9(a + 7) 


Solution: 
—9a — 63 


Exercise: 


Problem: —3(b + 8) 
Exercise: 

Problem: —4(z + 2) 

Solution: 

—4z —8 


Exercise: 


Problem: —6(y + 7) 
Exercise: 

Problem: —3(a — 6) 

Solution: 


—3a + 18 


Exercise: 


Problem: —9(k — 7) 


Exercise: 


Problem: —5(2a + 1) 


Solution: 
—10a—5 


Exercise: 


Problem: —7(4z + 2) 


Exercise: 


Problem: —3(10y — 6) 
Solution: 


—30y + 18 


Exercise: 


Problem: —8(4y — 11) 
Exercise: 

Problem: x(x + 6) 

Solution: 


x? + 62 


Exercise: 


Problem: y(y + 7) 


Exercise: 
Problem: m(m — 4) 


Solution: 


m2? —4m 


Exercise: 


Problem: k(k — 11) 


Exercise: 


Problem: 32(z + 2) 
Solution: 


3a? + 6a 


Exercise: 


Problem: 4y(y + 7) 


Exercise: 


Problem: 6a(a — 5) 


Solution: 


6a? — 30a 


Exercise: 


Problem: 92(x — 3) 


Exercise: 


Problem: 32(5z + 4) 


Solution: 


1527? + 122 


Exercise: 


Problem: 4m(2m + 7) 


Exercise: 


Problem: 2b(b — 1) 
Solution: 


2b? — 2b 


Exercise: 


Problem: 7a(a — 4) 


Exercise: 


Problem: 3x7(5x? + 4) 


Solution: 


1524 + 12x? 


Exercise: 


Problem: 9y°?(3y? + 2) 


Exercise: 


Problem: 4a‘(5a? + 3a” + 2a) 


Solution: 


20a’? + 12a® + 8a5 


Exercise: 


Problem: 224(6x° — 5a? — 2x + 3) 


Exercise: 


Problem: —5x?(zx + 2) 


Solution: 
=52° = 1027 


Exercise: 


Problem: —6y°(y + 5) 


Exercise: 


Problem: 227y(3x*y? — 62) 
Solution: 


6aty> — 1243 


Exercise: 


Problem: 8a°b7c(2ab? + 3b) 


Exercise: 
Problem: b°x?(2bz — 11) 
Solution: 


2b°x? — 11b° x? 


Exercise: 


Problem: 42(3x? — 6z + 10) 


Exercise: 


Problem: 9y°(2y* — 3y° + 8y”? + y — 6) 


Solution: 


18y’ — 27y® + 72y> + 9y4* — 54y3 


Exercise: 


Problem: —a?b*(6ab* + 5ab? — 8b? + 7b 


Exercise: 


Problem: (a + 4)(a + 2) 


Solution: 
a? +6a+8 


Exercise: 


Problem: (z + 1)(x + 7) 
Exercise: 

Problem: (y + 6)(y — 3) 

Solution: 

y? + 3y — 18 


Exercise: 


Problem: (¢ + 8)(t — 2) 
Exercise: 

Problem: (i — 3)(i + 5) 

Solution: 

i? + 2i—15 


Exercise: 


Problem: (z — y)(2x + y) 


Exercise: 


Problem: (3a — 1)(2a — 6) 
Solution: 


6a? — 20a + 6 


Exercise: 


Problem: (5a — 2)(6a — 8) 
Exercise: 

Problem: (6y + 11)(3y + 10) 

Solution: 


18y? + 93y + 110 


Exercise: 


Problem: (2¢ + 6)(3¢ + 4) 
Exercise: 

Problem: (4 + z)(3 — z) 

Solution: 

= S24 19 


Exercise: 


Problem: (6 + a)(4+ a) 
Exercise: 

Problem: (x? + 2)(x +1) 

Solution: 

ee +a27+2¢4+2 


Exercise: 


Problem: (x? + 5)(x +4) 
Exercise: 

Problem: (3x? — 5)(2zx? + 1) 

Solution: 


624 — 7x2 —5 


Exercise: 


Problem: (4a7b? — 2a)(5a7b — 3b) 
Exercise: 

Problem: (6z°y* + 6x)(2x7y? + 5y) 

Solution: 

122° y" + 30x3y> + 122743 + 30zy 


Exercise: 


Problem: 5(x — 7)(x — 3) 


Exercise: 


Problem: 4(a + 1)(a — 8) 
Solution: 


4a? — 28a — 32 


Exercise: 


Problem: a(a — 3)(a + 5) 


Exercise: 


Problem: x(x + 1)(x + 4) 
Solution: 


xv? + 5x2 + 4a 


Exercise: 


Problem: «7(z + 5)(x +7) 


Exercise: 
Problem: y*(y — 3)(y — 2) 
Solution: 


y? on byt + 6y? 


Exercise: 


Problem: 2a7(a + 4)(a + 3) 


Exercise: 


Problem: 5y°(y + 7)(y + 1) 
Solution: 


5y® + 40y? + 35y8 


Exercise: 


Problem: ab?(a” — 2b)(a + b*) 


Exercise: 
Problem: x°y?(5x*y* — 3)(2ry — 1) 


Solution: 


10x®%y° _ 5x oyt _ 6x4y3 -- 3234? 


Exercise: 


Problem: 6(a? + 5a + 3) 
Exercise: 
Problem: 8(c® + 5c + 11) 


Solution: 
8c? + 40c + 88 


Exercise: 


Problem: 3a7(2a? — 10a? — 4a + 9) 


Exercise: 


Problem: 6a°b°(4a7b° + 7ab® + 2b'° + 14) 
Solution: 


24a5b? + 42a4b!! + 12a3b!8 + 184303 


Exercise: 


Problem: (a — 4)(a? + a — 5) 
Exercise: 

Problem: (x — 7)(x? + x — 3) 

Solution: 

a? — 6a? — 102 +21 


Exercise: 


Problem: (2x + 1)(52° + 6x? + 8) 
Exercise: 

Problem: (7a? + 2)(3a° — 4a? — a — 1) 

Solution: 


1a! 294? — 15a" — Ta? —2a— 2 


Exercise: 


Problem: (xz + y)(2z? + 3xy + 5y”) 


Exercise: 
Problem: (2a + b)(5a” + 4a7b — b — 4) 


Solution: 


10a? + 8a°b + 4a2b? + 5a2b — b? — 8a — 4b — 2ab 


Exercise: 


Problem: (x + 3)” 


Exercise: 


Problem: (x + 1)” 
Solution: 


e422 


Exercise: 


Problem: (x — 5)” 
Exercise: 

Problem: (a + 2)” 

Solution: 


a2 +4a+4 


Exercise: 


Problem: (a — 9)” 


Exercise: 


Problem: —(32 — 5)” 
Solution: 


—9xr? + 30x — 25 


Exercise: 
Problem: —(8¢ + 7)* 


For the following problems, perform the indicated operations and combine like terms. 
Exercise: 


Problem: 327 + 52 — 2 + (4x7 — 10z — 5) 
Solution: 
7x? —5a—7 
Exercise: 
Problem: —22° + 4x? + 52 — 8 + (x? — 32? — 11z + 1) 


Exercise: 


Problem: —5z — 12xy + 4y” + (—7z + Txy — 2y”) 


Solution: 


2y” — Say — 122 


Exercise: 


Problem: (6a? — 3a + 7) — 4a? 4 


Exercise: 


Problem: (5x7 — 24x — 15) + 2? 
Solution: 


6x? — 33a —1 


Exercise: 


Problem: (3x° — 7x? + 2) + (2° 


Exercise: 


Problem: (9a7b — 3ab + 12ab”) + ab? + 2ab 


Solution: 


9a7b + 13ab? — ab 


Exercise: 


Problem: 6x? — 12x + (4x? — 3z 


Exercise: 


Problem: 5a® — 2a — 26 + (4a® 


Solution: 


17a? — 11a? = 7a —6 


Exercise: 


Problem: 2ry — 15 — (5ry + 4) 
Exercise: 
Problem: Add 4x + 6 to 8x — 15. 


Solution: 


127 —9 


Exercise: 


Problem: Add 5y? — 5y +1 to —9y? + 4y — 2. 
Exercise: 

Problem: Add 3(x + 6) to 4(a — 7). 

Solution: 


te) 


Exercise: 


Problem: Add —2(x? — 4) to 5(x” + 3x — 1). 
Exercise: 
Problem: Add four times 5x + 2 to three times 2x — 1. 


Solution: 
262 +5 


Exercise: 


Problem: Add five times —3z + 2 to seven times 4x + 3. 


Exercise: 


Problem: Add —4 times 9z + 6 to —2 times —8z — 3. 


Solution: 


—20x — 18 


Exercise: 


Problem: Subtract 6x? — 10x + 4 from 3x? — 22 +5. 


Exercise: 


Problem: Substract a? — 16 from a? — 16. 


Solution: 


0 


Exercises for Review 


Exercise: 


: ‘ : 15a2y° \4 
Problem: ({link]) Simplify ( Bsr ) 


Exercise: 
Problem: ({link]) Express the number 198,000 using scientific notation. 
Solution: 
1.98 x 10° 


Exercise: 


Problem: ({link]) How many 4a?z?/s are there in —16a‘z5? 
Exercise: 


Problem: 


({link]) State the degree of the polynomial 4xy? + 32°y — 5a°y°, and write the numerical 
coefficient of each term. 


Solution: 


degreeis 6; 4,3, —5 


Exercise: 


Problem: ([link]) Simplify 3(4% — 5) + 2(5a — 2) — (a — 3). 


Special Products 

This module is from Elementary Algebra by Denny Burzynski and Wade Ellis, Jr. Operations 
with algebraic expressions and numerical evaluations are introduced in this chapter. 
Coefficients are described rather than merely defined. Special binomial products have both 
literal and symbolic explanations and since they occur so frequently in mathematics, we have 
been careful to help the student remember them. In each example problem, the student is 
"talked" through the symbolic form. Objectives of this module: be able to expand (a + b)/2, (a 
- b)A2, and (a + b)(a - b). 


Overview 


¢ Expanding (a + b) and (a — b)” 
e Expanding (a + b) (a — b) 


Three binomial products occur so frequently in algebra that we designate them as special 
binomial products. We have seen them before (Sections [link] and [link]), but we will study 
them again because of their importance as time saving devices and in solving equations 
(which we will study in a later chapter). 


These special products can be shown as the squares of a binomial 
(a+b)? and (a—b) 

and as the sum and difference of two terms. 

(a + b) (a — b) 


There are two simple rules that allow us to easily expand (multiply out) these binomials. They 
are well worth memorizing, as they will save a lot of time in the future. 


Expanding (a + b)” and (a — b)’ 


Squaring a Binomial 
To square a binomial:* 


1. Square the first term. 

2. Take the product of the two terms and double it. 
3. Square the last term. 

4. Add the three results together. 


(a+b)? =a? + 2ab4+ 0 
(a — b)* =a? — 2ab+ 0? 


Expanding (a + b) (a — b) 


Sum and Difference of Two Terms 
To expand the sum and difference of two terms: 


1. Square the first term and square the second term. 
2. Subtract the square of the second term from the square of the first term. 


(a+b) (a—b) =a7?-# 


* See problems 56 and 57 at the end of this section. 
} See problem 58. 


Sample Set A 


Example: 

(x + 4)? Square the first term: 2”. 
The product of both terms is 4%. Doubleit: 82. 
Square the last term: 16. 


Addthem together: «7+ 8x + 16. 
(c+ 4)? = 274+ 8% +16 
Note that (x + 4)” £ a? + 42. The 82 term is missing! 


Example: 

(a — 8) Square the first term: a’. 
The product of both termsis — 8a. Doubleit: — 16a. 
Squarethelast term: 64. 
Addthemtogether: a? + (—16a) + 64. 

(a — 8)” =a? — 16a +64 

Notice that the sign of the last term in this expression is “+.” This will always happen since 

the last term results from a number being squared. Any nonzero number times itself is 

always positive. 

Ge) Gig hee ecu 9a) ta 

The sign of the second term in the trinomial will always be the sign that occurs inside the 

parentheses. 


Example: 


(y—1)? Squarethefirst term: 47. 
The product of both termsis — y. Doubleit: — 2y. 
Squarethelast term: + 1. 
Addthem together: y* +(—2y) +1. 


(yay at 


minus plus 


Example: 
(52 +3)? Squarethefirstterm: 25a”. 


The product of both terms is15xz. Doubleit: 30z. 
Square the last term: 9. 
Addthem together: 2527+ 30z + 9. 


(5x + 3)? = 25x? + 30x +9 
plus plus 
Example: 


(7b —2)* Squarethefirst term: 4907. 
The product of both termsis — 14b. Doubleit: — 280. 
Squarethelast term: 4. 
Addthem together: 49b? + (—28b) + 4. 


(7b — 2)? = 49b? — 28) + 4 


minus plus 


Example: 
(x + 6)(x — 6) Square the first term: 27. 


Subtract the square of the second term (36) from 
the square of the first term: x? — 36. 


Example: 
(4a — 12)(4a + 12) Square the first term: 16a?. 


Subtract the square of the second term (144) from 
the square of the first term: 16a? — 144. 


(4a — 12)(4a + 12) = 16a? — 144 


Example: 
(6x + 8y) (6x — 8y) Squarethe first term: 3627. 


Subtract the square of the second term (64y’) from 
the square of the first term: 36x? — 64y’. 
(6x + 8y)(6x — 8y) = 36x? — 64y/ 


Practice Set A 


Find the following products. 
Exercise: 


Problem: (x +5)” 


Solution: 
x? +102 + 25 


Exercise: 


Problem: (x + 7)” 


Solution: 
x? + 142 + 49 


Exercise: 


Problem: (y — 6)” 


Solution: 


y”? — 12y + 36 


Exercise: 


Problem: (3a + b)” 


Solution: 


9a? + bab + b? 


Exercise: 


Problem: (9m — n)” 

Solution: 

81m? — 18mn 4+ n? 
Exercise: 

Problem: (10x — 2y)” 

Solution: 


100x? — 40ay + 4y? 


Exercise: 


Problem: (12a — 7b)” 


Solution: 


144a? — 168ab + 49b? 


Exercise: 


Problem: (5h — 15k)” 


Solution: 


25h? — 150hk + 225k? 


Exercises 


For the following problems, find the products. 
Exercise: 


Problem: (x + 3)” 


Solution: 


xz? +62+9 
Exercise: 

Problem: (x + 5)” 
Exercise: 


Problem: (x + 8)” 


Solution: 
x? + 16x + 64 


Exercise: 


Problem: (x + 6)” 


Exercise: 


Problem: (y+ 9)” 
Solution: 


y? + 18y + 81 


Exercise: 


Problem: (y+ 1)? 


Exercise: 


Problem: (a — 4)’ 
Solution: 


a2 — 8a + 16 


Exercise: 


Problem: (a — 6)’ 


Exercise: 


Problem: (a — 7)’ 


Solution: 
a” — 14a + 49 


Exercise: 


Problem: (b + 10)’ 
Exercise: 
Problem: (b + 15)’ 


Solution: 
b? + 30b + 225 


Exercise: 


Problem: (a — 10)’ 
Exercise: 
Problem: (a — 12)” 


Solution: 
x? — 24x + 144 


Exercise: 


Problem: (x + 20)” 
Exercise: 
Problem: (y — 20)’ 


Solution: 


y? — 40y + 400 


Exercise: 


Problem: (3 + 5)” 


Exercise: 


Problem: (42 + 2)” 


Solution: 
162? + 162+ 4 


Exercise: 


Problem: (62 — 2)” 


Exercise: 


Problem: (72 — 2)” 


Solution: 


A9x? — 282 + 4 


Exercise: 


Problem: (5a — 6)” 


Exercise: 


Problem: (3a — 9)” 


Solution: 
9a? — 54a + 81 


Exercise: 


Problem: (3w — 2z)’ 


Exercise: 


Problem: (5a — 3b)” 


Solution: 


25a2 — 30ab + 9b? 


Exercise: 


Problem: (6t — 7s)” 


Exercise: 


Problem: (2h — 8k)” 


Solution: 


Ah? — 32hk + 64k? 


Exercise: 
2 
Problem: (a + 5) 
Exercise: 


Problem: (a + 1)? 


Solution: 
5. 2 AL 
OT ears 
Exercise: 
2 
Problem: (a + 3) 
Exercise: 
2\2 
Problem: (z + =) 
Solution: 
2,4 4 
xe + 5e + 25 
Exercise: 


Problem: (a -- ay" 


Exercise: 


2 
Problem: (y — >) 
Solution: 
2.25 25 
— 3UT 36 


Exercise: 


Problem: (y iF 2)? 
Exercise: 
Problem: (x + 1.3)” 


Solution: 


x? + 2.62 + 1.69 


Exercise: 


Problem: (a + 5.2)’ 


Exercise: 


Problem: (a + 0.5)” 


Solution: 
a7 +a+0.25 


Exercise: 


Problem: (a + 0.08)’ 


Exercise: 


Problem: (a — 3.1)’ 


Solution: 
x? — 6.22 + 9.61 


Exercise: 


Problem: (y — 7.2)” 


Exercise: 


Problem: (b — 0.04)” 


Solution: 


b? — 0.08b + 0.0016 


Exercise: 


Problem: (f — 1.006)” 


Exercise: 


Problem: (x + 5) (a — 5) 
Solution: 


x? — 25 


Exercise: 


Problem: (x + 6) (x — 6) 


Exercise: 


Problem: (xz + 1) (a — 1) 


Solution: 


z= 1 


Exercise: 


Problem: (t — 1) (t + 1) 


Exercise: 


Problem: (f + 9) (f — 9) 
Solution: 


f? 281 


Exercise: 


Problem: (y — 7) (y + 7) 


Exercise: 


Problem: (2y + 3) (2y — 3) 
Solution: 


Ay” — 9 


Exercise: 


Problem: (52 + 6) (5a — 6) 


Exercise: 


Problem: (2a — 7b) (2a + 7b) 


Solution: 
4a? — 49b? 


Exercise: 


Problem: (7x + 3t) (7x — 3t) 


Exercise: 


Problem: (5h — 2k) (5h + 2k) 


Solution: 


25h? — 4k? 


Exercise: 


Problem: (a + 5) (a — =) 


Exercise: 
Problem: (a -- 2) (a — 2) 


Solution: 


Qos a 
eel 


Exercise: 


Problem: (a -- t) (a — t) 


Exercise: 


Problem: (2b + =) (2b — 4) 


Solution: 


36 
4p? — 36 


Exercise: 


Problem: Expand (a + b)° to prove it is equal to a” + 2ab + b”. 
Exercise: 

Problem: Expand (a — b)? to prove it is equal to a2 — 2ab + b”. 

Solution: 

(a — b) (a— 6) = a? —ab— ab + B* =a? — 2ab+ 0b’ 


Exercise: 


Problem: Expand (a + b) (a — b) to prove it is equal to a? — b. 


Exercise: 


Fill in the missing label in the equation below. 
Problem: 


Double the product 
of the two terms 


(a + B2 =a? + 2ab + 


Solution: 
first term squared 


Exercise: 


Label the parts of the equation below. 
Problem: 


Exercise: 


Label the parts of the equation below. 
Problem: 


a 


+b) @-b = a - B 


are 


Solution: 


(a) Square the first term. 
(b) Square the second term and subtract it from the first term. 


Exercises for Review 
Exercise: 

Problem: ({link]) Simplify (2*y°z*)’. 
Exercise: 


Problem: ((link]) Find the value of 107! - 2~°. 


Solution: 


2s 
80 


Exercise: 


Problem: ({link]) Find the product. (x + 6) (x — 7). 


Exercise: 


Problem: ({link]) Find the product. (5m — 3) (2m + 3). 
Solution: 


10m? + 9m — 9 


Exercise: 


Problem: ([link]) Find the product. (a + 4)(a? — 2a + 3). 


Division of Polynomials 

<para>This module is from <link document="col10614">Elementary 
Algebra</link> by Denny Burzynski and Wade Ellis, Jr.</para> <para>A 
detailed study of arithmetic operations with rational expressions is 
presented in this chapter, beginning with the definition of a rational 
expression and then proceeding immediately to a discussion of the domain. 
The process of reducing a rational expression and illustrations of 
multiplying, dividing, adding, and subtracting rational expressions are also 
included. Since the operations of addition and subtraction can cause the 
most difficulty, they are given particular attention. We have tried to make 
the written explanation of the examples clearer by using a "freeze frame" 
approach, which walks the student through the operation step by step. 
</para> <para>The five-step method of solving applied problems is 
included in this chapter to show the problem-solving approach to number 
problems, work problems, and geometry problems. The chapter also 
illustrates simplification of complex rational expressions, using the 
combine-divide method and the LCD-multiply-divide method.</para> 
<para>Objectives of this module: be able to divide a polynomial by a 
monomial, understand the process and be able to divide a polynomial by a 
polynomial.</para> 


Overview 


e Dividing a Polynomial by a Monomial 
e The Process of Division 

e Review of Subtraction of Polynomials 
e Dividing a Polynomial by a Polynomial 


Dividing A Polynomial By A Monomial 


The following examples illustrate how to divide a polynomial by a 
monomial. The division process is quite simple and is based on addition of 
rational expressions. 


a b _ atb 
aos Bae 


Cc 


Turning this equation around we get 


a+b _ a b 
“ ¢ + Cc 


Now we simply divide c into a, and c into b. This should suggest a rule. 


Dividing a Polynomial By a Monomial 
To divide a polynomial by a monomial, divide every term of the polynomial 
by the monomial. 


Sample Set A 


Example: 


enh Divide every term of 327 + «—11byz. 


Example: 
8a°+4a?—16a+9 
2a2 “ 


Divide every term of 8a? + 4a” — 16a +9 by 2a”. 


ee 


2a? 2a? 2a? 2a 2a? 


Example: 

A 9b 2b Divide every term of 4b° — 9b* — 2b + 5 by — 4b”. 
4p° 9b" 2b og ee eg 1 5 

Fay ea Vea Vo eee ces re 


Practice Set A 


Perform the following divisions. 
Exercise: 


2 3 
Problem: an ltt 


Solution: 


a|H 


2x +1-—- 


Exercise: 


3 And ~ 
Problem: 3x {ag file 4 


Solution: 


82 +44+ 2-4 


Exercise: 


. a2b+3ab2+2b 
Problem: pa = 
Solution: 


a+3b+ 2 


Exercise: 


142?y?—7 
Problem: fs 
ry 


Solution: 


2ry—1 


Exercise: 


10m?n?2+15m2n3—20mn 
—5m 


Problem: 
Solution: 


—2m*n? — 3mn? + 4n 


The Process Of Division 


In Section [link] we studied the method of reducing rational expressions. 
For example, we observed how to reduce an expression such as 


x?—24—8 
x?—32—4 


Our method was to factor both the numerator and denominator, then divide 
out common factors. 


xr+2 
z+1 


When the numerator and denominator have no factors in common, the 
division may still occur, but the process is a little more involved than 
merely factoring. The method of dividing one polynomial by another is 
much the same as that of dividing one number by another. First, we’ Il 
review the steps in dividing numbers. 


Ne — . We are to divide 35 by 8. 


2. 8) 35. 
We try 4, since 32 divided by 8 is 4. 


4 
3. a3. 
Multiply 4 and 8. 
4 
A. oes 
32 
Subtract 32 from 35. 
4 
5; oa. 
32 
3 


Since the remainder 3 is less than the divisor 8, we are done with the 
32 division. 
6. 43. The quotient is expressed as a mixed number. 


The process was to divide, multiply, and subtract. 


Review Of Subtraction Of Polynomials 

A very important step in the process of dividing one polynomial by another 
is subtraction of polynomials. Let’s review the process of subtraction by 
observing a few examples. 


1. Subtract x — 2 from x — 5; that is, find (a — 5) — (a — 2). 


Since x — 2 is preceded by a minus sign, remove the parentheses, change 
the sign of each term, then add. 


The result is —3. 


2. Subtract x? + 3x2? from x? + 4x? + x — 1. 


Since x° + 32? is preceded by a minus sign, remove the parentheses, 
change the sign of each term, then add. 


a+4e7+e—1 x°+4r7+2—-1 
— (x?4327) _ == 3p" 
~~ z’t+a2—1 


The result is x? + x — 1. 
3. Subtract x? + 32 from x? + 1. 


We can write 27+ las a#?+02+1. 


z?+1 z?+02r+1 x?+0r+1 
— (x?+3z) = (x?+3z) _ «32 
_ ~ —3¢+1 


Dividing A Polynomial By A Polynomial 

Now we’Il observe some examples of dividing one polynomial by another. 
The process is the same as the process used with whole numbers: divide, 
multiply, subtract, divide, multiply, subtract... 

The division, multiplication, and subtraction take place one term at a time. 


The process is concluded when the polynomial remainder is of lesser degree 
than the polynomial divisor. 


Sample Set B 


Perform the division. 


Example: 
ae Weare to divide x — 5by x — 2. 


Divide x into x. 


Multiply 1 and x — 2. 
Multiply 1 and x — 2. 


Subtract x — 2 from x — 5. 


We write the quotient as 


Weare to divide x? + 427 + x —1byz +3. 


x+3)x9+ 4x2? +x-—1 


x? 


[x]+ 3) Fart eI 


x2 
x+3)x9+ 4027 +x-1 


Mat 


+a S ERT 
x3 F 3x2 
x?+x-1 


x?+x 
+3)x9+ 4x2? Fx-1 

x3 + 3x? 

¥ x?+x-1 

x?+x 


x+3)x3+4x7+ x-1 
x° + 3x9 


x?+ x-1 
x2 + 3x 
xi+x 


x+3)x8+4x27+ x-1 
x3 + 3x8 


x?+ xz-1 
co. 
=—2s—1 
s'+z-—2 
+3)x3+4x2+ x-1 
x? + 3x? 
ee a—i 
x? + 3x 
—2x-1 


x?+x—2 


side alin x-1 


x?+x—2 


2+3se 


Divide x into x3. 


Multiply x? and x + 3. 


Multiply x? and x + 3. 
Subtract x° + 3x? from x3 + 4x2+x—-—1. 


Now divide x into x2. 


Multiply x and x + 3. 


Multiply x and x + 3. 
Subtract x? + 3x from x? + x— 1. 


Divide x into — 2x. 


Multiply —2 and x + 3. 
Subtract —2x — 6 from —2x — 1. 


Since the polynomial 5 is of lesser degree than x +3 
(0 < 1), we are finished. We write the quotient as 


eee eer 
Thus, 


Go pAge etd 5 
L+3 = 2+ Ee 2+ Cateo 


Practice Set B 


Perform the following divisions. 
Exercise: 


xr+6 


xz—1 


Problem: 


Solution: 


7 
1+ xz—1 


Exercise: 


v?+2a+5 


Problem: ae 


Solution: 


x-1+ 5 


Exercise: 


ee ae 
Problem: 22—2—2. 


Solution: 


2 442 


Exercise: 


, @+e2—3241 
Problem: >= 


Solution: 


14z-14. 14 
EO Ts race OG 


Sample Set C 


Example: 
Divide 2x? — 4a + lby x +6. 


ae eae Notice that the x? term in the numerator is missing. 


og Wecan avoid any confusion by writing 


a Nee Divide, multiply, and subtract. 


2x2 
[z]+6)2x°+ Ox? — 4x41 
2x3 + 12x? 
={$e—a 41 


2x? — 12x 


+6)2x3+ Ox?— 4x41 
2x3 + 12x2 
—12x2— 4x+1 


— 12x? — 72x 
68x + 1 Divide, multiply, and subtract. 


2x2 — 12x + 68 
+6) 2x3 + Ox?— 4x+ 1 
2x3 + 12x? 
—12x?— 4x+ 1 
— 12x2—72x+ 1 


2n°—4e+1 _ 9,3 407 
2p tet) — 223 — 122 + 68 — 4% 
Practice Set C 


Perform the following divisions. 
Exercise: 


r°—3 
xr+2 


Problem: 


Solution: 


e=2+o 5 


Exercise: 


4o?—1 


Problem: 
xr—3 


Solution: 
de +12 4+ 


Exercise: 


ee+20+2 


Problem: ——, 


Solution: 


x’ +2¢+6+ 4 


Exercise: 


62°+52r7-1 


Problem: 513 


Solution: 


de ee rng 


Exercises 


For the following problems, perform the divisions. 
Exercise: 


Problem: Pete 
Solution: 
3a+6 
Exercise: 
Problem: a 
Exercise: 
Problem: ae 
Solution: 
—2y+1 
Exercise: 
Problem: - 
Exercise: 
Problem: So! be 


Solution: 
—x (x — 2) 


Exercise: 


Ay?—Qy 
2y 


Problem: 


Exercise: 


2 
Problem: Sa, 188 


Solution: 


3a+1 


Exercise: 


2022+10x 


Problem: = 


Exercise: 


62°+2274+82 


Problem: oe 


Solution: 
327 +2+4 
Exercise: 


26y?-+13y?+39y 


Problem: 13y 


Exercise: 


a’b’+4a7b+6ab?—10ab 


Problem: a 


Solution: 


ab+ 4a + 66 — 10 


Exercise: 
7x7 y+ 827y+3ry4—4ay 
Exercise: 
- 5a®y>®—1527y"+20ary 
Problem: day 
Solution: 
— gy? + 3xy — 4 
Exercise: 
. 4a7b?—8ab*+12ab2 
Problem: 
Exercise: 
, 6a*y?+12a7y4 18a? 
Solution: 


ay tay t a 
Exercise: 


, 3c2y2 + 99c%y*—12c8y? 


Exercise: 


16ax?—20ax*+24azr* 


Problem: eal 


Solution: 


82?—1022+1224 or 1224—102?+8x? 
3a? 3a? 


Exercise: 


2lay*—18ay"—15ay 


Problem: ; 
6ay 
Exercise: 
. —14b2c?+21b%c3— 283 
Problem: —~—~ 55 —— 
Solution: 


2b?—3b%c+4c 


a2c 
Exercise: 
. —30a2b4—35a2b?§—25a2 
Problem: ~~ 
Exercise: 


Problem: 2+ 
z—2 


Solution: 


8 
a ae, 


re 


Exercise: 


Problem: ~— 
y+1 
Exercise: 


, e244 
Problem: Ole 


Solution: 


10 
a—-3t+ ra, 


Exercise: 


2 
Problem: 222— 
z+1 


Exercise: 


2-2 
Problem: 2—2+2 


z+1 
Solution: 
re 5 
g—-2+ ae 
Exercise: 


2 
Problem: 2222 
245 


Exercise: 


2 


~x—2 
Problem: Shi 


Solution: 


g-1-— 


Exercise: 


a°—6 


Problem: eae 


Exercise: 


y+4 
yt2 


Problem: 


Solution: 


8 
yr at ae 


Exercise: 


Problem: ws 


Exercise: 


Problem: 2— 


z+1 
Solution: 
2 2 
i zg+1 aaa 
Exercise: 


. a—8 
Problem: ED 


Exercise: 


3_ 
Problem: 2— 
z—1 


Solution: 


Fae ea 


Exercise: 


3 
Problem: 2—° 
a—2 


Exercise: 


caerte 20m 
Problem: 22" 


Solution: 


a+5¢+114+ 24 


Exercise: 
Problem: a34+2a?—a4+1 
: a—3 
Exercise: 


3 
Problem: 2—2+% 


a—l 
Solution: 
at+a+24+ 4, 

Exercise: 


3 
Problem: 2122+1 


xr—3 
Exercise: 
B43y244 
Problem: 2 2—"* 
y+2 
Solution: 


yty—2+ 3, 


yt2 
Exercise: 
3 2 
+5y2—3 
Problem: ~——~— 
y-1 
Exercise: 


3 2 
2 +32 
Problem: 4 


Solution: 


2 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


Le en 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


Exercise: 


Problem: 


Exercise: 


Problem: 


a2+2a 
a+2 


xz?—x2—6 
x2—2x2—3 


a?+5a+4 


a°’—a—2 


2y?+5y+3 


y—3y—4 


3a7+4a—4 


a?+3a+3 


Qa?—27+4 


22-1 


Solution: 


4 
a a 
Exercise: 
. 3a7+4a+2 
Problem: a 
Exercise: 
. 627+82—1 
Problem: ec sre oo 
Solution: 
1 
22 — 32+4 
Exercise: 
, 20y2+15y—4 
Problem: ae ae 
Exercise: 
, 423+42?—-32—2 
Problem: Gee 
Solution: 
2 = ee ars 
20 Oe ig 
Exercise: 
, 9a*—18a"+8a—1 
Problem: ——,- 
Exercise: 
Problem: Ax*—493422?—22—1 


xz—1 


Solution: 


Ay? + 27 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


1 


x—1 


3y'+9y>—2y?—6y+-4 


yt3 


3y°+3y+5 
yrtytl 


2 
oer yrt+y+l 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


AP A 2 oF Oy te 1 


Exercise: 


Problem: 


Exercise: 


2a2+4a+1 


a2+2a+3 


82°—42°_ 8241 8234 327 142 


22-3 


9a’+15a%+4a5—3at—a?+12a2+a—5 


3a+1 


33 


22-3 


Problem: (22° + 52*— 1) + (2x +5) 


Solution: 


| 


L Qn+5 


Exercise: 


Problem: (6a* — 2a° — 3a? +a+4) + (3a—1) 


Exercises For Review 


Exercise: 


Problem: ({link]) Find the product. wpu8 . 


Solution: 


z+4 
2(z—3) 


Exercise: 


Problem:([link]) Find the sum. £=t + 244 


Exercise: 


Problem:([link]) Solve the equation mr} + 


Solution: 


x =a 


Exercise: 


x—-2° 


22+6 
4r—8 ° 


I — 
xz—3 x 


2 


it 


9° 


Problem: 


({link]) When the same number is subtracted from both the numerator 
and denominator of *, the result is =: What is the number that is 
subtracted? 


Exercise: 


Problem: ([link]) Simplify ==. 


22-25 


Solution: 


x—5 
4 


